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PREFACE 





The present Thesis deals with certain interesting problems 
in n-dimensional Geometry. The method adopted is one of 
deduction from first principles. Although the physical existence 
of spaces of dimensions higher than three may be controversial, 
the theoretical investigation of the properties of such spaces is 
quite logical. The subject lends itself easily to analytical 
treatment, combined with occasional use of geometrical methods. 
The first ideas were taken from a paper published by Dr. S. D. 
Mookerjee, M.A., Ph.D., in the Bulletin of the Calcutta 
Mathematical Society. In the absence of any regular treatises 
on the subject in the English language, I had to work out all the 
results independently and consequently most of the theorems in 
the present thesis are the results of my independent thinking. 


Most of the original workerg in Higher Geometry are either 
Italian, German or French. I had to go through some standard 
works in those languages in order to be able to compare my 
results with those of original authors. The mode of treatment 
in these works is found to be different from that of mine. 
These authors have confined themselves chiefly to the study of 
construction of Hyper-spaces, with special reference to their 
projective properties, while my attention has been devoted mostly 
to metric properties. In fact, my attempts have been confined 
to a systematic and legitimate extension of two or three 
dimensional Euclidean Geometries, and the present Thesis might 
reasonably be termed as “ General Euclidian Geometry.” “ Тһе 
science of Abstract Geometry presents itself in two ways :—as a 
legitimate extension of ordinary two and three dimensional 
Geometries and as a need in these Geometries and in analysis 
generally. Whenever we are concerned with quantities connected 
together in any manner, and which are, or are considered, 
as variable or determinable, then the nature of the relation 
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between the quantities is frequently rendered more intelligible 
by regarding them (if. only two or three in number) as the 
co-ordinates of a point in a plane or space; for more than three 
quantities the case becomes more complex and there is greater 
need.of such representation. But this can only be obtained by 
means of the notion of a space of the proper dimensionality.”* 


The notion of Hyper-spaces is spontaneously presented to 
Mathematicians, who, having to deal with questions on more than 
three variables, interpret this faet in words analogous to those іп 
orlinary analytical Geometries of two or three dimensions and 
seek a solution in this new light. In order to trace the origin of 
this notion’ we must refer to former writers.T Ап explicit 
exposition of it in various directions commences from the middle 
of the last century, in the works of Cayley, Grassmann, Riemann, 
Beltrami, Betti, Lie, Klein, “chläfli, Jordan, Clifford, бос. 
Althougb these authors have enunciated many ideas and theorems 
on the Geometry of Нурег-врасен, nevertheless it may be 
said that the first original work of general character is due 
to Veronese.] In his great work Veronese has exposed а system 
of postulates relating to the metric and projective Geometry of 
spaces of any number of dimensions. This work has been 
translated into the German language by Adolf Schepp, and 
contains a synthetic treatment not only of Euclidian spaces par 
also of Ricmann’s and Lobatschewsky’s as well. 


The number of books and memoirs on the Geometry of 
higher demensions has increased enormously in recent years. 
In 1870 Cayley published his “ Memoir on Abstract Geometry. 
Jordan, in 1875, gave a methodical generation of metrical 


-——————— — Н: 
р. Я Vide А. Cayley,—Phil. Trans. of the Royal Soc. of London, Vol. OIX, 
1870. 

t Segre—Su alcuni indirizzi nelle investigazioni geometriche (Rivista di 
Matematica 1891). Translated into English in the Bulletin of the American 
Math, Soc. 10 (2), 1904, 

‚ Jordan,—Essai sur la géomótrie à n dimensions—Bull. de la Soc. Math. de 
France, Vol. ПІ. і Й 
1 Grundzüge der Geometrie von mehreren Dimensionem und Arten etc. 
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geometry. by:medns bf Cartesian coordinates. Іп 1882. Veronese 
published -his @reat work. Schoute,* in a book of two volumes, 
made the subject very clear and interesting by using a number 
of: methods. -A remarkable memoir on geometry of ” 
dimensions was written by L. Schlaflit in 1850-1852, but was 
published after his death, in 1911. He works out in great details 
‘the theory of perpendicularity and the angle-concepts, As I 
had no occasion to consult most of these authors I cannot assert 
with certainty how far my attempts have been successful in 
producing new results, or how far I might have been anticipated 
by them. 


In Chapter I, Hyper-spaces have been represented by means 
of analytical equations and in some places proper interpretations 
to these equations have been given. At the outset I have 
started with the notion of z co-ordinates of a point; but at a 
later stage several postulates enunciated by Prof. Cayley have 
been assumed. ` 


Іп Chapter II, I have dealt with angles between spaces. 
The angle-concepts between spaces were first studied algebraically 
by Jordan (1875), geometrically by Cassanit (1885) and b£ 
Castelnuovo§ (1885). Castelnuovo in the course of his 
investigations proved a very elegant theorem that the r angles 
between two r-spaces S, and 8’, in a 27-space are all real. 
Veronese has given the following definition of angles between 
two Spaces :— || 


* Indem wir eine ähnliche Methode befolgen wie bie der 
Definition der Winkel von Strahlen, Halbebenen und Halbraumen 
von drei Dimensionen (Тһе! 1, Buch ІП, Kap 1, 7. und 
Theil IT, Buch 1, Kap 1, 7), verstehen wir unter den Winkeln 





* Schoute,—Mehrdimensionale Geometrie, Sammlung Schubert, XXXV 
and XXXVI. (Leipzig.) | 

+ Schlafli—Theorie der vielfachen Kontinuitàt. 

T Cassani—Rendiconti dell’ Acc dei Lincei, (1885.) 

5 Castelnuovo—Atti del R. Istituto Veneto, (1885.) 

|| Veronese—Grundzüge der Geometrie &c. 5. 169, Bem П- 
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zweier Räume S, and S, diejenigen, welche durch Ше kleinsten 
normalen Abstände ihrer unendlich fernen Räume gemessen 
werden." 


In Chapter III, some properties of Hyper-Spheres have been 
considered. 


I must refer to the fact that at the time of preparing the 
thesis, I had no opportunity of consulting the work “ Matrices 
and Determinoids " of Dr. C. E. Cullis. But I hope that most 
of my results could be simplified by introducing the elegant 
notations used in that book. 


In conclusion, I beg leave to acknowledge my indebtedness 
to the Hon’ble Justice Sir Asutosh Mookerjee Kt., С.5.1., 
M.A., D.L., ete. who encouraged the prosecution of my studies 
in Hyper-Geometry, to Dr. Shyamadas Mookerjee, M.A., Ph.D. 
for help with valuable suggestions in preparing the thesis and 
to the authorities of the Caleutta University for its publication. 


CALCUTTA University LIBRARY. 
S. M. Ganeutt, 


October, 1914. 


Symbols and Abbreviations used. 


(1) The line ‘2’—stands for the half-line whose direction- 
cosines are (1,, la, 1„,...1„). 


(2) The plane (1, m)—stands for the plane determined by the 
two intersecting lines “17 and "т. 


A 
(3) The angle?m—stands for the plane angle between the 
lines ‘I’ and “w. 5 


л 
(4) The symbol (/m)—stands for “Cosine of the angle lm.” 


A 
(5) The „  Гті- , , “Sine of the angle Im." 
(6) , .  [lm/pq]—stands for the function 
ji і Ср, р, | 
Іт, т, 4, 4. 








[r21,23,...n ; s=r+17+2,...2] 


etc. etc. 
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CHAPTER I—General Properties. 


$1. The Euclidean Hyper-space of dimensions :- 
The Euclidean Hyper-space of n-dimensions (or ап n-dimensional 
space or simply an n-space) is characterised by the fundamental 
property that through any point of it can be drawn т right 
lines, and only », which are mutually at right angles. 


$2. For purposes of analytical investigations in the Hyper- 
space of »-dimensions, we refer all our elements to n axes, 
mutually orthogonal, drawn through any point ав origin. The 
coordinates of any point are determined as follows :— 


Let P be the point and O the origin. Then, if M,, M,, M,...... 
M, are the projections of P оп the » axes through О, ОМ,, ОМ,, 
m OM, are the » coordinates of P and are generally denoted' 
by дір 2,,...... т2,. ТТів ів an extension of ordinary Geometries 
of two or three dimensions; but we may start from a different 
point of view with only n unknowns, and conceive relation or 
relations between them. Professor Eugenio Bertini of Pisa 
starts with this latter view, as is evident from the following 
lines :— 


“ Astraendo da ogni possibile rappresentazione geometrica 
od intuitiva, si definisce Spazio ad ғ dimensioni е si indica con 
8,, o anche con [r], la totalità formata da tutti i gruppi di valori 
(reali o complessi) dei rapporti di (r+1) parametri a, 7,,......%,! 
escluso che questi parametri possano diventare tutti nulli o 
alcuno infinito. Ogni tale gruppo dicesi punto dell’ S, e le æo, 
%1,..0...%, si chiamano le sue coordinate omogenee, mentre ві 


д ANALYTICAL GEOMETRY. 


dicono coordinate non omogenee del punto 7 raporti di v delle 
Soit v, alla rimanente,"* 

88. If a chain of lines 0 0, 0, 0,...... 0, be drawn from 
the origin and if the successive links of this chain be equal and 
parallel to тү, ғ, tg. г, respectively, 0, must coincide with Р. 

For the projection of ОР on the rth axis ів", and the pro- 
jection of this chain on the same axis is also r,, Therefore the 
projection of PO,, which is the difference of these two projections, 
is zero on the rth axis. Dut this rth axis may be any one of the 
п axes. Hence PO, must either vanish or be perpeudicular to 
each of the т axes. But in an Hyper-space of n dimensions 
there cannot be more than п axes through a point, mutually 
orthogonal. Hence P must coincide with 0,.+ 

84. Hence follows that, if r is the length of the line OP and 
1, (%-і, 2, 3,......2) its direction-cosines, 

r? =w? tee tat... cel 


1 S++ sso Hl, 


Also, 
rricos =, Hewl t+... +a}, 
or, cos @—=1,11-+Е1,11+Е1,11„-Ь..... T 
where (xt, ;l,.. ..»1) are the coordinates of another point 
РІ, тї the length OP? and (11, 11......11) its direction-cosines and 


6 the angle between OP and ОР’. 

$5. Hyper-space of 7-dimensions contained in an 
Euclidean т-врасе :—An r-space шау һе defined as а space 
determined as the join of (r+1) given points (r«»), provided 
no two groups of points, taken from the given points, are 
" conjoint” т.е. determine identical dimensionals as their joins. 











% Bertini.—Introduzione alla Geometria Proiettiva degli Iperspazi, Cap?I. 

English trauslation.—From all possible geometric or intuitive representa- 
tions, a space of r-dimensions denoted by S, or by [>], ‘s defined as the 
aggregate of the groups of values (real or complex) of the ratios of (r +1) 
parameters zo, #,, Ta .. . ¢,, Where none of these parameters is infinite and 
all are different from zero. Every such group is called a point of 8, and 
40,97, ан w, are called its “ Homogeneous coordinates,” while the ratios 
of т of zy, дубе ж, to the remaining one are called the “ non-homogenous 
coordinates.” 

+ This proof has been taken from Dr. S. D. Mookerjea’s Paper I on 
“Parametric coefficients &6."—Bulletin Calcutta Math. Soc. Vol. I, Мо, 8, 1009. 
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This join of (r-- 1) points generally means the “indefinite space ш 
through the given points.* 

Prof. E, Bertini gives the following definition of a k-space 
in an r-space :— 

Let a, 9,, 4%)... т, be any (+1) independent points іп 
ап r-space. Then the coordinates of any point г in the k-space 
determined by these points are given by 


where A, +A, t ...... +А = 

All the points, which ате obtained from (A) by varying the 
parameters Ào, А,,...... A,, are said to constitute an Aggregate 
(o^): and as the points of this aggregate may be made to 
correspond uniquely to the system of values of the parameters, 
the same Aggregate is a ''Spazío lineare (or simply Spazio) а 
k dimensioni " and exactly a “ Spazio 8, subordinato dell’ S,."t 

The definition given by Veronese is essentially the same as 
we have given above, as will appear from the following lines:— 
“ (n+l) unabhingige punkte bestimmen einen Raum топ n 
Dimensionen und dieser wird durch (n+ 1) seiner unabhängigen 
punkte bestimmt." 1 

$6. To find the condition that (r+1) given points in 
an n-space may not be “conjoint,” or that the (r+1) points 
may be “ independent.” 

‚Ше #,, (j—0, 1, 2,...... т; ї==1,9,...... n) be the coordinates 
of (r+1) given points, 

Now consider the following (n+1) linear equations :— 

ГМ +A, A+ tA, = 


[Ар ФА Ф PALO, =O 
(1) кы Fitria B nenne +А„г„,=0 
| Asta CEA EL. +К......... A, =0 





ж Vide.—Bulletin Calcutta Math. Soc. Vol. T, No. 3, 1909. 

+ Bertini.—1bid, Сар°Т, n 5. 

1 Veronese.—‘‘ Fondamenti di Geometria é&c.,” translated into German Бу 
Adolf Schepp,—"' Grundzüge der Geometrie von mehreren Dimensionem, Фо.” 
—§ 157, Satz. ITI, Zus. 

English translation —(n +1) "independent" points determine a space of 
^ dimensions and а space of n-dimensions is determined by (n+1) of its 
“independent " points, . 


4 ANALYTICAL GEOMETRY, 


which are obtained by equating to zero the same linear combina- 
tions of the coordinates of the points with the parameters 
Nos Аузы га A,, subject to the condition A,+A,+...... +A,=0. 
These (r+1) points will be conjoint ог not (dependent or 
independent), according as there are or are not values of the 
parameters Ас, A,, А,,...... À,, not all zeros, which satisfy (Т), 
that is to say, (I) are satisfied only by values, not all zero, of the 
same parameters. 


If r+1>n+1, the points are necessarily * dependent" or 
“conjoint,” because denoting by c (<n+1) the characteristic 
of the matrix (I), they may be satisfied by taking at pleasure 
certain r +1—c(>o0) of the parameters A,, A, ,...... A,.* 


If r+1<n+1, the characteristic с of the matrix (1) is 
<rt+l. When c=r+1, the (r+1) points are “independent,” 
because (I) cannot be satisfied except by values, all zero, of 


If cZ£r+1, the (7+1) points are “conjoint.” With the con- 
vention that & matrix will be zero, when all its minors of 
maximum order are zero, and it will be different from zero in 
other cases,t it may thus be said that © (r-- 1) points are dependent 
ov independent according as the matriz 


1 1 l5 8s 1 
Фор Чүү бү... 2,4 
=0 or + 0.” 
Bon бі» о Зако Pen 


87. Тһе most general equation of the first order in an 
п-врасе may be taken ns а, 2, +а,2,+...... Һа, фа, —O; 
and hence contains (n+1) arbitrary constants. But we may 
divide out the whole expression by any one of the constants. 
Therefore the number of disposable constants is n, and the 
equation can be made to satisfy conditions and no more: 


* Qapelli.—Istituzioni di analisi algebrica, third edition, n, 445. 
t O E Cullis—Matrices and Determinoids, Th. I., $ 80, 
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e.g. it may be made to pass through п independent points. Thus 
any п independent points will determine uniquely the coefficients 
of an equation of the first degree and hence by § 5, an equation 
of the first degree always represents ап (n-l)-space ог 
(n-1)-omal %, 

N.B.—If any » points satisfy the above linear equation, any 
other point whose coordinates are of the form А, 20, + ма В. 
+А„-, 07,24; , will also satisfy the above equation, where A, +A, + 
rete T A,-,=1; ie, the coordinates of any point in the 
(n-1)-space are of the form А, go, + А, а; +...... ФА, 2,1. 

[/—1, 2, 3, ... я] 

$8. To find the equation of an Hyper-space of г dimen- 
sions passing through (r+1) given points (74 =). 

Let the coordinates of the (»-- 1) given points he denoted by 
аў, (j7=0, 1, 2, 8,...... 7;1—1,2,3,.....u). 


We have seen іп $ 7 that the coordinates г, of any point x 
lying in the space determined by the given (r+1) points may be 
written as æ, = А zy, + X, ra. +_................. + А, а, 
(1 се 1, 2, 3,......... n) with the condition, 

ілі Жы ЕЛА 524426 +A. 

Hence, since r + 1 /n+1, it is possible to find values of the 
parameters A,, А,, ...... À, , not ùll zero, such that the above 
equations are satisfied and thus the locus of x, (¢= 1, 2, 3,...n) is 
obtained by eliminating A,, A, ......... A, between the above 
equations :— 

з: 4; slg ca лы ОЙЫ SO pce) 
Зої Tos Фо» Ток 
"а “із "із Тіл 
Ші) Beg 72, 506. Vee 


This gives (п-ғ) independent equations of the first order, 
Hence the intersection of (n-r) spaces of (я-1) dimensions is a 
space of 7 dimensions. 


“ Cayley. 
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This exactly corresponds to what Prof. Cayley says that an 
(n-r)-fold linear relation determines an r-omal.* 


$9. Ар г-врасе шау be represented by means of analyti- 
cal equations when one point and r independent lines through 
the point, all lying in the r-space, are given. 

Let P (а,, а,, ..... a,) be the given point and let 1,; 
(j = 1,2,3,...... Fed 1:2) З. n) be the direction-cosines 
of the given lines through P. 

Then any point on any of these lines must have its coordinates 
given by a; +r, 1,, (7 =1,2, ...... re ped, Йу п) where 
т, is the distance of the point from Р. 

Thus altogether we have (ғ + 1) points of the »-space and its 
equations by 6 8 can be written as :— 


т, Шы 00 зеге P 1 [20 
а, Ayt dus а, 1 | 
| 
чо тій і Фан a, Truly, 1 | 
Цар Tor. аа rua а Ф, 1 | 
which simplified give the following equations for the r-space :— 
жо ж—а, ...... Фати | =0 
ic le. deo Lo | 
lh, Lia. а lis | 
DM | 
Ley lra Sel een lin | 


which give (n-r) independent linear equations to determine the 
r-space. 
610. We have defined that through any point of ап n-space, 
n right lines, and only n, can be drawn mutually at right angles. 
Of these, if the point lies in an r-spacé, т can be taken to lie 
in the r-space and hence the remaining (n-r) mutually orthogonal 
lines are such that they are orthogonal to r-lines in the т-врасе 





* Cayley—A Memoir on Abstract Geometry, Phil. Trans. of the Royal Seo, 
of London, Vol. CLX, 1870. 
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and therefore they are perpendicular to any line іп the т-врасе 
drawn through the point.* These (n-r) orthogonal lines are 
therefore normal to the r-space. 


Hence we infer that through any point of an ғ-врасе, (n-r) 
independent normals to the r-space can be drawn. The (n-r) 
orthogonal lines determine an (5-r)-space orthogonal to the given 
r-space and all lines drawn through the point normal to the given 
т-врасе will be in this " normal space”. t 





* This may be proved as follows :— 

Let 1,, (i = 1,2,3, n»n; j =1,2,3,. п) be the direction-cosines of n 
mutually orthogonal lines, of which the first т may be taken to lie in the 
r-space, 

The direction-cosines ої any line in the r-space may be taken as— 

kar 
2 A, lai (0 = 1, 2,3, ... n), when A, is an arbitrary multiplier. 
=1 

It will be sufficient to prove that any one of the remaining (n-r) lines,— 
the (r +1)th line for example,—is perpendicular to this linc. 

The condition of perpendicularity requires that 


or that, о, 51... TS ауа атылыы 17 
But the (r+1)th line is orthogonal to the г lines and .", we have 
m hs һа, 90, (m AMEN, 2.2.7) 
i.e. the TT ofA, (k= 1,2,3, ......... 7) in (1) vanishes aud hence 


the conclusion, 
ү The following proof may be added :— 
The direction-cosines of any line must be of the form 


=" Aili, (i=1,2, 3, . от). If this is perpendicular to the r 
lines we een 
ЖАЛ Е ір =0,(ў=1,2,38,............... Ж 
бї = ds =" Ge la = 0, (j= 1,9,3, aace P) toa te (2) 


In virtue of the relation that the n lines are mutually orthogonal we 
obtain from the r equations (2) 
A, =A, AQ m s ss SA, = 0, 
and therefore, the direction-cosines of the line may be expressed as 


5” Ae le, , (t=1, 2, 3, ......... п) and this shews that the line 


t=r+1 
lies in the normal (n-r)-space. 
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We can thus find the equations of ап r-space, when one point in 
it and the direction-cosines of any set of (n-r) independent 
normals through the point are given. 


For, let P (a,, a,, ... а,) be the given point of an »-врасе and 
let the direction-cosines of (п-ғ) independent normals through 
P be given by 1,, (j= 1, 2, 8, = n-r; i = 1, 2, 8, ... п). 

Let Q (£1, Та» 23, ... a) be any point in the ғ-врасе. Then 
the direction - cosines of the line Р Q are proportional to (z,—a,), 
(ғ-да) нн (ж,...а,). 

Thus, from the condition of perpendicularity of the line Р 0) 
and each of the (n-r) normals, we get (n-r) equations of the type 
(ғ.-а,)1,, + (tata) l4 t .......... + (5—a,) 1, = 0 
(j=1, 2, 3, ......... n-r). 

Therefore we obtain (n-r) independent linear equations to deter- 
mine the r-space. 


Cor :—From this we conclude that, if (n-r) independent linear 
equations are given to determine an r-space, the coefficients in 
each equation are proportional to the direction -cosines of a normal 
to the r-space. 


Let us take the case of a right line in 3-dimensional geometry 


аа +b yte z+d = 0 
given by the equations 
a,¢e+b,yte,z+d,= 0 
We know that (а,,5,,с,) and (а,,0,,с,) are respectively propor- 
tional to the direction-cosines of the normals to the two planes and 
hence of two lines perpendicular to the line of intersection. 


$11. To find the equations of a space, orthogonal to a 
given r-space and passing through a given point. 

Let P (а,,а,, ... @,) be the given point and let the equations 
of the given r-space be 


І, ак tatl, t+ о +1,.%:+k=0 ... (1) 
С 1-1, 2, 3,......... n—r) 
Therefore, the equations of the parallel r-space passing through P 
are 1,,(#,—a,)+1,,(@,—-a,)+ ... +1,,(@,—a,)=0 ... (2) 


(1-1, 2, 3, КЕ mr п--т) 


GENERAL PROPERTIES. 9 


Now, every line in a space orthogonal to a given space ів 
perpendicular to every line in the given space. But since there 
are only (я--г) independent normals which can be drawn to 
an r-space through a given point in it, any other line drawn 
through the point and orthogonal to the r-space must have its 
direction-cosines as linear functions of the direction-cosines of 
the (n—7) independent lines. 

Let Q (ris е, ғ)... r,) be any point іп the orthogonal 
space. Then the direction-cosines of the line PQ are proportior.al 
to 2,--0,,4,--0,,2;--й0;...... 2, — Ay. 

Hence, from what has been said above, we must have 

б(°,—@,)=А,1,,+А,1,,+,1,,+ ЖЕТУ PA oe серкені ен (3) 

(¢=1,2,3,......2) 


Eliminating the (n—r+1) quantities p, Ху, À,,...... A,-, from 
these equations we get 


ш-4, Lyte .. ут =0 
li й lis lin 

lea las dud las 

lu E vus та lu 


This gives т independent linear equations which determine ап 
(n—r)-space, passing through the given point, orthogonal to the 
given r-space. 

$12. To find the equations of a perpendicular to an 
Hyper-space of r-dimensions, drawn from a given point 


outside it. 
Let the given point be P (а,, а,, а,,...... a,) and the r-space 


be given by 


Let Q be the point where the perpendicular through P meeta 
the r-space. Let (1,, las- 1„) be the direction-cosines of РО), 
Then we may take its equations to be | 








T,—8, 7,-а, _ 23—03 L9.—9, . 
1 = 1 ES e -.........,...--. ea ES). ss (3) 


1 2 
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Since PQ is a normal to the r-space at Q, it lies in the normal 
space at Q and hence its direction-cosines must be representable 
as linear functions of the direction-cosines of the (n—r) inde- 
pendent normals at Q. 


Hence 


Eliminating (n—r) quantities 4,, À,,...... À 
tions (3) we get 


‚ between eqna- 





1, і, I eta | =0 
Ny Lie Lis: ha 

ly, laa las ce lan 

Ia Lys Ig ees ea 


These give г equations involving the я quantities (unknown) 


(1,, las ls, в.” 1,) .. aay or (4) 
Again the coordinates of the point Q may be taken as 
atl т, а„+1у», Де a, +l, ғ, (where r2 РО). 
Since Q lies in the ;-space we must have, from equations (Т) 
(n—r) equations of the type 
1, (а, іт) і, (а, tlan) t з. 1,, (а, ur) ЯКА, 
оғ 
r (L, Ul, Lu + us Eu), a luu au 4 ui, a, +) =0. 
(7=1, 2,3, .. тт) ші .. (5) 
Eliminating v between these (н--т) equations we get a 


series of (n—r—1) equations involving only the » quantities 


M NNNM 2 m " E (6) 


Hence from equations (4) and (6) we get altogether (n —1) 
equations to determine the ratios of the » quantities !,, 1,, ... Ї 


Thus determining these ratios, we substitute in equations 


(2) which give the equations of the perpendicular to the 
т-врасе, 
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Cor :—From any of the (и--») equations (5), we can find the 
length (r) of this perpendicular and then the coordinates of the 
point Q, the foot of the perpendicular through P. 


§13. To find the coordinates of the foot of the perpendi- 
cular, drawn from an outside point, to a 3-space determined 
by four given points. 


Let Р (а,, а, .. а,) be the point and let the 3-space be 
determined by the four given points, whose coordinates are given 
by (чу, b,, ¢,, d,.) respectively (r21,2, 3. .. п). 


Let the coordinates of the foot of the perpendicular from P on 
the 3-space be denoted hy (4, Pas 43, ш. Pa) 

Siuce this point lies in the 3-space, the coordinates must be 
expressible in the form 


ғұлАа, 4 ub, Бус, +pd, Pais E .. (1) 
(r=1, 2, 3, ase п) 
l=A+ptvtp ... X i e (2) 


where А, р, у, p are indeterminate. 


Now the direction-cosines of the perpendicular from P are 
proportional to (2, —a,, x, —а,, $4—4, T E, — a, ) respec- 
tively; and also the perpendicular is at rt. angles to all lines 
drawn in the 3-space. Now the direction-cosines of lines joining 
the point а to b, c, d are respectively proportional to a, —b, ; 
à, —c, ; 4, —d.,, і 

(=1, 2, 3, ы: п) 
Hence 5 


> (2.—а,) (a,—b,)=0 | 


X o8 
ІШІ 
а н 


(2, —a,) (а,-<с,)-0 coe (3) 


iM 


- 


Mi 


n 
- 


(«,—a,) (a,—d,)=0 J 


From (3) we easily deduce 


(6, —a,)a, = = (r,—a,) В, = > (^, —2.) с, 
т-і ішіп 


=" (7, —а,) d, 20 (say). 


r=1 
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By substituting the values of w, from (1) in these equations we 
obtain 


Ва, +p 5 a,b, +v 5 a,c, +p 5а,4,- ы 
1 1 1 1 1 


AS ab pg Sb, ++ Sb,c,¢p Б, б= Віа, 
1 1 1 1 1 
: ER жін 7% nus ы (4) 
X > a,c, +p > b,c, tv 20, +p > с,4, - = 2 с.а, [ 
1 1 1 1 1 
AS ані ыр 5 bd, жу Бе, ар Sd, - 0= 540,0, 
1 1 1 1 1 
also, À + p Tov + p —0:0= 1 J 


From the above five equatious in (4) we can easily find the 
values.of the five uuknowns А, p, v, р, 0. 


Thus, 


0 x 


M 
М 
= 
= 
M 
в 
2 
M 
в 
A 
к 
I 


Sac Ec жє Sed, 1 


Sad, > 5,4, 5 с,4, 5 а, 1 
1 1 1 1 0 


> а, > a,b, > a,c, = вй, > a,a, 


за), Sb. Sbe, Sbd, I b,a 
Sac, Sbe, Sc, Sod, Seo 
Sad, € bd, 5 с,й, 5 d, Б daa, 
1 1 1 1 1 


where > extends always from 1 to n inclusive. 
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The co-efficient of @ in this is equivalent to the product of the 


matrices 

Qi A, а, 
b, b, b, 
сі с, Cs 
а, d, а, 
000 
= 5 |а, 

b, 

б, 

а, 


а, 


1 
1 
1 
1 


TM mom 


а, а, а, 
b, b, b, 
€, Ca С, 
d, d, d, 


111 


= k? (say) 


о ы ы = ы 


н о o o © 


aud the determinant on the right-hand side is equivalent to the 
product of the matrices 


а, є, п, 

b, b, b, 

€, Cy С, 

d, d, d, 

a, а, а, 

= 5 а, а; 
b, b, 
t, €, 
d, d, 


шк, P, (say) 
0 = = кҝ, Р, /К? 


= m 


а, а, а, 
Tb, by by 

Cy Ca Cy 

d, d, d, 

000 

а, а, а, а, 

b, b, b, b, 

с, Cy. Cy C, 

d, d, d, d, 

а, a, а, а, 


ә о о o о 


14 


Similarly the values of А, p, у, p can be found. 
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Now, we have from (1) », = Aa, + pb, + vc, + pd,. 


The denomindtor in the values of А, p, v, p is the same, and,=k?; 
aud the numerators are respectively the co-factors of 4, B, C and 
D in the determinant 


Нерсе the value ої, 


= са, 


5 «а, 
1 


м 


0 а В C D 
2 
d,a, Sa, > a,b, > а,с, > ad, 
ba, жа) Sb, BS b,c, E 0,0, 
2 

са, Sac, Біо, Se, Sod, 
фа, Sad, E bd, Sed, Sa, 
1 1 1 1 1 


“ 


М 
m 
M 
M 


Di b, C, d Й 


5а, 5 a,b, Ба, Б ad, 


Sah >), meo > bd, 


ze cd, 


, is given by the equation 


1 
0 


This gives the co-ordinates of the foot of the perpendicular 


drawn from the point (a,, аҙ, аҙ, ... 


by four given points а, b, c, d. 


a,) to the 3-space determined 


N.B.—The method adopted is perfectly general and can 


therefore be used for finding the co-ordinates of the foot of the 


perpendicular drawn from any external point to a space of any 
number of dimensions determined by given points. 
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§ 14. To find the angle between the perpendiculars which 
can be drawn from two external points P and Q toa 3- ae sad 
determined by four given points. 


Let P(a,, а,, a,, ... а,) and Q (B,, Bas Bas ... Ba) be the two 
points and let the elements of the З-красе be the same as in the 


previous article. 
Now, the equations (6) of § 19 can be written as 
ке, —A, =0 


or, 47 д9 = 
But іп order to find the cosine of the angle we require to know 


the values of a, — в, (r —1, 2, 3, о), de ofa, — zi = 


E: (Аза, — A.). Hence, if in equation (6) of $ 13, we put a, 


for е, and divide the result by k?, we obtain 


1 а, а, wb, с, d, 0 
а, ізді а ks M 
ue 

2аа 5а, mag, >а,с, Sad, 1 

Sha, Ба, 5b, Shc, Sbd, 1 

5с,а, Sac, Sb,c, Sc, Sed, 1 

5 фа, Sad, 55,4, Sed, жа, 1 

1 1 1 1 1 0 

1 
зі $. (say) 


. 1 . 
Similarly, 8, —x,.— n ¢,, where x, are the co-ordinates of the 


foot of the perpendicular from Q. 
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. If v be the angle between the perpendiculars, we have 


cos y =S(a,—w,) (B, —х.)/ V zm (a, — vy)? V Z(B.— х.)* 


ПІДЕ СУК P 

V sy! М se. 

515. To find the relation connecting (n+2) points іп an 
п-врасе. 





Multiply the two rectangular arrays of (n--2) columns and 


(п +3) rows as follows :— 


1 0 0 0 рх 
з 
eu —2v, —2,,„ 1 
a 
Sra —2 r5, —2.,, 1 
(us 
> Tatia, ё", а, а ase — ruse, a 1 
0 0 0 1 
з 
1 tia Pin ze 
a 
1 Vay Таз 2t, 
y 
1 Tates we "афву 5... ata / 


The result of this multiplication must vanish identically.* 











* Vide—Burnside and Panton’s Theory of Equations, Vol. ТІ, 5 143, 
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Therefore we must have 


0 1 1 d. d - 0... (1) 
1 0 (41,2). .. (l, n+2)? 
1 (2,1): 0... (2, n+?) 


1 (3,1)? (3,2)2  .. (3, n--2)? 
1 (#+2,1)* (пн 2,2)2 .. 0 


where, the points being marked with the numbers 1, 2, 3, ... n+2, 


(1, 2)? stands for the square of the distance between the points 


l and 2; and (1, 2)? = (2, 1)*. 
Note.—The theorem may be stated in a different form:— 


To find the condition that an (4--2)th given point may lie in 


an и-врасе determined by (»--1) given points. 


§16. Pluckerian co-ordinates of a right line: 


We have the following equations of a right line:— 








By combining these equations in pairs, we obtain the following 


м equations :— 


lx —hx, зай + а, 1, Я 
1, Ха — 44 Xs — a, 1, + а, 1, = 0 
l, Ха — 1, х, — a, 1, +a, 1, =0 


la Хиза — 1-1 Ха — 44-4 la Жах, = 0 


І! 
о 


ux. зі, Xi 7%, 1, + а, 1, 
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the above equations may be written us 


hx —= 1, х, = 045 B 


їй Ха — 1, Xs = йа 





L ЕЎ wae. (1) 


la Xn-1 = ba Xn = Oye пол 





hx. зі Ха za | 


From equations (1) it is easily seen that the following relation 


must hold :— 





015 Was "эу Wns а-а П... __ 9 
1, 1, T 1, 1 1, 1, f T 1, Liza T І, L = P ` (2) 
Now, we have “2u quantities” (а,,, 0,5, ... @ny пої Gay 1) 


and (1,,1,,1,,... 1,) which serve to determine the position of the 


right line, provided the relation (2) holds. 


These 2» quantities we shall call the ** Ән co-ordinates ” ог the 


Plückerian co-ordinates of a line. 
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§17. To express the shortest distance between two lines 


in an n-space in terms of their Pluckerian co-ordinates. 
Since two points determine a right line, we have altogether 


four points given to determine the two lines. Throngh these four 
points a 3-space can be drawn (§ 8) which will contain both these 
lines. Again, since the shortest distance meets both the lines, it 
has two points lying in the 3-space and consequently lies wholly in 


it. Thus the problem is reduced to опе in a 3-space. 


In the 3-space, t.e., in the ordinary space of three dimensions, 











we һауе 
[ Ху, Ха-%8 Ха74; 
Қож В 
The equations of the lines being 7 | 
| Xin! Хат“ Хат” 
Wy ng т; 


‚ à being the shortest distance and 0 the angle between the lines 


А , 
ж sin 6= | а,-а) n,—a, 4,-а,ф .. . (1) 
h l, ls 
m, т, т, 


Now, any point on the first line has for coordinates 
a lr, datlari, 0. lara; 
and the coordinates of any point on the second line are 
a, HMT, а, тт у а, man, 5 


* (Salmon’s Solid Geometry § 51). 
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2. The volume of the tetrahedron determined by the four points 
is given by 
1 |a thn a, lr, a, T ban, 1 





Ма ЕЕ | ; 
"|a +m, а," тт, a, таг 1 
а, а, а, 1 
а, а, а, 1 
= 71% [s,—«' «—« aa, 
6 
l, 1, і, 
т, т, т, 
ака. д sin б, by (1). ieu сов en ANE) 


Again, in an »-space, the content of the “finite join” of the 
four points is given by 


зу -z a, they а, lr, а, lar, ә 


aar, a, шк, а anam, 


а, а, а, 
а |! a,’ а, 
9 2 3. [a,—a, a,—a, а,-а,19 
' б 1 1 2 2 a a 
or(3!V,) тт 
l 1, 1, 
т, am, т, 
3 3 1 1 , ly [А 9 
шғ”,7,>(1,а,, Hlas 1,0, ЕТО HMA, та, 


(3) 
where (1,,1,,1,,.. la) and (a,,, 4,5, 254, ...) are the Plücker- 
ian coordinates of one line and (ту, m,, ... т, and а,„/,а,»',...) 
are those of the other line. 


From (2) and (3) we find 
ё віп 6= SE (а, la, Fisa, mia, s Fma, тата) (А) 


This gives the shortest distance between the two lines іп terms 
of their Plückerian coordinates. 


* Vide—Proc. of the London Math. Soc. Vols. XVIII and ХІХ, 
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When we put »=3, we get the formula in our ordinary 
Geometry of three dimensions, viz :— 


* 5 sin 0—l,a,,' 1,2, а bias, а, з tiga, з 


Cor. The two lines intersect if 6—0 


$18. To find the content of the “join” of (n+1) given 
points in an n-space in terms of the mutual distances 
between the points. 


Let the points be denoted by the numerals 1, 2, 3,...... u, atl; 
(2) 
and let their coordinates be given Бу, (/-1,2,3,4%..4; j=1, 2, 


3,...0, n+l) 


Now, we have 


(пі) (ы) (+1) 


т, Byes 


This may be written as 


1) ot = (54-1) 
(—1)"GlV,)= |00 о 0 ! ЕК, (say) 


(n41) (01) (2+1) =( es 
E 


Хі а 


* Cf. Salmon’s Solid Geometry, Ех. § 53 
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But we have 


9 ( ч'У, ш gm rs x чо 
= і à 
x 
ү? (0 аб оо @) 
>: ) m -Ә,, 22-2, 1 


AA (8) m (2) 
(^) —2, —9,, ..—2, 1 


M (+1) 9 (i41) (141) (+1) 
РДЕ ) —2", --Әт, 26, 
0 0 0 0 1 
а) (1) (1) пу 
1 та та "a x(; ) 
(2) (2) (3) (2)49| 
1 "à "з ти x( ) 


(2+1) (+1) Ql) /(#+1)`\уЭд| 
1 ла d a de I» >(: ) 


0 1 1 be 1 | 
9) 
NEN КУ. 
(2 шү 0 (ғ ү 
“т tee woe 


| i о г” (* Es б 
0 1 1 ы 1 
1 0 BD a (тіз 
1 (19) 0 a (Engl) 
1 (ln)? (2, n)? es (nn+1)? 
1 (15+1)* (2,141)? .. 0 


where (r,s)? stands for the square of the distance between the 
points denoted by т and s; and (7,s)* =(s,7)?, 
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5.19. To express the content of the “join” of (п +1) given 
points in terms of their oblique coordinates. 

Take one of the given points as origin, and let the direction- 
cosines of the и lines joining the origin with the remaining п 
points, with reference to a system of rectangular axes through the 


(7) 
origin, һе given by Корею ;J=1.23,...n) 


Let the coordinates of the п points, with reference to a system 


(7) 
of oblique axes through the origin, be denoted by £, 
and the rectangular coordinates of the same points be denoted by 
(7) 
» ( (21,2, 3... ; j=1, 2, den) 


We shall designate ihe oblique axes by the numerals 1, 2, 3, 


2", and the angle between the 7th and the sth axes by rs, etc. 


Let О be the origin and P апу oneof the remaining » points. 
7 
Now, the projection of OP on the axis of r, is г, ; but it is equal 
to the sum of the projections on the same axis of z, of lengths 
equal to the oblique coordinates of P measured respectively along 
the oblique axes. 


Therefore we must have 


(л (D (j) (2) (9) (п) (j) 
0 4 = І, і, + l, A + ary + І.Є, ... (А) 


(І-1.2,9,..м; 121, 2, 3,.,.0) 


Thus we have expressed the rectangular coordinates of the 
points in terms of their oblique coordinates. 


Now, the content У, is given by 


І - (0 а) (1) а) е 
aS ГА їз Wa. 5 “Ж; a (1) 
(2) (2) (2) (2) 
7 7, vs Wa 
(3) (3) (3) (3) 
т "е s T. 
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lf we substitute the values of «’s in (1) from the Scheme (A) 


we obtain 
У, (1) (1) (2) (1) 
1, it 1 2 
(1) (2) (2) (2) 
з & +1, ё,+... 


(1) (8) (2) (3) 


ётё, +... 


(1) (и) (2) (и) 


а) (1) (9) (1) 


NS ET ict at 


(1) (2) (2) (2) 


2972 itl, 2 


(1) (3) (2) (з) 


772 t6 ё 


(1) (п) (2) (тю) 


(1) (1) (2) (1) 


жука Ж itl, 2 


(1) (2) (2) (2) 


боз", On 61 n $2 


(1) (3) (2) (3) 


n itl, 2 


(1) (п) (2) (ж) 


цезій вві & tl, фо a T п $2 


1 m ^ (ғ) (8) 
If we square both sides of this, since cos rs— > l, 1,, we find 


on simplification—- 





ub V,-| © (D (D ^ A ^ 
а £& -- Є [x 1 cos 21 соя21 созл1 
(2) 2 (2) A A A 
6 f oe Én cos 12 1 cos 32 cos n2 
(3) (3) e ^ ^ 1 ^ 
i aoc: ба cos13 cos23 cos 13 
(п) (л) (м) А ^ ^ 
Qo wu eth TER cosln cos2n (со8Зн ... 1 


Thus we have expressed V, іп terms of the oblique coordinates 


of the given points. 


* 620. We have already seen that a system of (н-г) indepen- 
dent linear equations are required to determine an r-space, or, in 
the language of Prof. Cayley,—‘“‘a system of (n-r)-fold relations 
determine an v-omal. Any number of one-fold relations, whether 
independent or dependent, and if more than и of them whether 
compatible or incompatible, is termed a Plexus, viz:—if the 
number of one-fold relations be 6, then the “Plexus” is 0-fold. 
А 0-fold Plexus constitutes a relation which is at most 6-fold but 


which may be less than 6-fold.” 


Thus the system of equations determining ап r-space forms 
ап (»-).fold Plexus. But the equations may not all be 


* This article has been taken from Cayley's Paper— Memoir on Abstract 
Geometry. Vide—Oollected Papers. 
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independent т.е. опе or more of them may be derived from others 
by algebraic operations; in that case the Pleaus is not (n-7)-fold, 
but less; and hence the space is of dimensions greater than r, 


We have so far spoken of linear relations constituting a Pleaus. 
But the relations may be of any order. In every case, a system 
of 0 relations will form a @-fold Ples us. 

From what has been just observed, the idea of Involution 
can easily be extended to Plezus. Any one-fold relation implied 
in а given ;-fold Plexus is said to be in *Involution" with the 
r-fold relation; and so in a system of one-fold relations if any 
relation be implied in the other relations /.e., in the relation 
aggregated of the other relations, then the system is said to be 
in Involution. А system not in involution is suid to be “asyzy- 
кейс” 

Convolution: Any (r-- 1) or more or all the relations of the 
asyzygetic system are in convolution, d.e., any relation of the 
system is alternately implied in the aggregate of the remaining 
relations or indeed in the aggregate of any r relations (not being 
themselves in convolution) of the remaining relations of the 
asyzygetic system. It may be added that besides the relations of 
the system there is no one-fold relation alternately implied їп the 
“asyzygetic” system 

N.B.—The introduction of the ideas of Involution aud Convolu- 
tion in higher Geometries is due to Prof. A. Cayley, in his “Memoir 
оп Abstract Geometry." The ideas will be clearly understood 
from the following illustration :— 


Let the functions or equations Р--о, Q—o, R=o, ete,, form a 
Plexus. Then, if identically we have AP 4- BQ-- CR 4- ... =о, where 
A,B,C,...are integral functions of coordinates and where some one 
of these functions is a constant (A say), then the system P,Q,R,... 
are in Involution, ог more accurately, P=o is in involution with 
the remaining functions Q—o, R=o,.... But when A,B,C,...are 
no опе of them constant, then we have a Convolution. If Роо 
is in involution with Q=o, R—o...., then P=o is implied in these 
equations and the relations (Q—o, R=o,,..) and (Р=о, Q—o, 
R=o,...) ше equivalent. But in the case of convolution AP + 
BQ+CR+...=0, relation of equations Q—o, R=o,... imply AP=o 
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эм 


i е. А--о or Po, т.е. the relation (Q—0, R=o,...) is a, relation 
composed of two relations (А —o, 9 =о, R=o,...) and (P—o, Q=o, 


Ro,...) 


A further extension of the Theory of Involution will be found in Cayley's 
Paper "on "the Theory of l1nvolution"—- Trans. of the Camb. Phil. Soc. 1866. 
The idea of Involution can also be extended to Higher Geometries after Fiedler 
--“Шіе Darstellende Geometrie," and Clebsch—“Vorlesungen über Geometrie.” 


CHAPTER П —Inclinations of Spaces. 


$91. We have seen § 4 that if 6 bethe angle hetween two 
lines whose direction-cosines are 


(Пн la) and (h^ L5 la! a 1,7) respectively, 
then eos 6=1,1,'+7, 1,’+1,1,/+ .. 41,1, 
and l=}? +4, IET e fl? 
1='*+1,'#+1,”+ dm ELS 


Therefore, 


sin?6 = 1--соя20-- S1251,” - zy 


1-1 


~ 
- 

т 
ю 


"1, 1, ү 
I I,’ 





-2|L LP 
| ‚ (т==1,2,8,,,,я; srl, r2, 743, ... n) 


1,’ d, 





SL}, (say) 


§22. To prove that the square of the area of a plane 
triangle in an n-space is equal to the sum of the squares 
of its projections on the co-ordinate planes determined by 
each pair of co-ordinate axes. 


Let OBC be the triangle, O being the origin. Let the 
coordinates of В апа C he ғ, and у, (= 1, 2, 3, ,.. n) 
respectively, 


Let OB =A and OC =p and the direction-cosines of OB and 
ОС be 1} and 1," respectively. 
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Let, 8 represent the area OBC and 5,, that of its projection 
on the coordinate plane determined by the sth and the sth 
axes. 


lf 0 he the angle hetween OB and OC. we have 
(28)? =A? у? sin?0 
=А° р? ZOL?, ,by $ 21. 
Е м, |= 2 
| 


т во 2 
Е 





pl,' ply 


12, ra|, (r21,2,3,... n; «rl, r2, 03, ... п) 








ly. y. 
But|l o o 
= twice the area of the projection of OBC 
le, vw,|on the plane passing through the sth and 
sth axes. 
ly, y. 
and ог. = 38 


л (28)? = 5 (28, ,)° 
8% = 5 & 


§ 23. Two planes being given, to find the minimum 


angle or angles between any two lines, one in each of the 
given planes. 


Let us suppose that the planes are defined by two lines in 
each, all drawn through acommon origin. Let the lines in one 
plane have direction-cosines Г, and 1,” respectively and those 


in the other plane have m, and m,’ for direction-cosines. 
(¢=1, 2,8, ... мн). 


Take any two lines A and и in the two planes and let their 
direction-cosines be A, and м, (2--1,2,3, ... т) respectively. 


If g be the angle between А and и, we must have 
сов 0 = SX, н, anita T (1) 
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Again, since А lies in the plane of (7, I’) we may take 


A, = ALBI 
(і-1,2,3, ... n) 
1 = 5A? = A?+B?+42AB (I) ... (2) 


where А and B are indeterminate multiplicrs, and 


(1) = cosiue of the angle in 
Similarly, since р. lies in the plane of (m, m’), we have 
p, Ст, + П»ю,’, (/21,2,3, ... =) 
1 =3Sp,? =C?+D?+20D (mm)  ... (3) 
where C and D are multipliers. 


Equation (1) may be written as— 


Cos 6 = Ба, ш, 
1 


5 (AL, BL) (Cm, +Dm,') 
1 


= ACAM HADMA BC(l'n) ЕВР")... (4) 
Differentiating (2), (3), and (4), we have 
o = {A+B (I')}8A+4B+A(I')}8B, КІ 
o = {C+ D(mm')}8C 4- | D4+C(mm') |81) e. (6) 
о = {C(Im) + D(hn') 9A + [C(I'm) + D(is) }8В 
+ {A(Im) + B('m)]8C -- [A (Im) -B(m/)]8D, |... (7) 


Now, we may keep one of the lines А and и fixed and vary 
the other. Suppose X is fixed ; А and B are constant, so that 


8вА=6В=0 
7. Comparing equations (6) and (7) we have 
C+D(mm')=k{ A(im) + B(U'm)} is (8) 
D+ C(mm')=k{ A(lm') + B(Im') a (9) 


where k is an indeterminate multiplier. 


80 ANALYTICAL GEOMETRY. 


Similarly, keeping м fixed and varying А we obtain 
C(Im) + (т) 2X {A+ B(ll')) .. (10) 
Clim) + DUm) =k {B+ А(17)) .. (11) 
where &’ is another multiplier. 
Multiplying (8) by С and (9) by Р, and adding we get 
k cos @=1 or k—1/cos6. 
Again, multiplying (10) by А and (11) by B, and adding we 
obtain k'-cos6. 
Now, the four equations (8), (9), (10) and (11) may be 
written as :— 


(Alm) +B(Um) |—C cos 6 — D сов 6(mm') =o 
Allm) -Н(Іт) | —C cos 6(mm')—D сов 0 =o 
А сов б + ВП усовв-- Спи) —D(lm') =o 

| А(1!'усовб+Е B сов Ө — (m) — (ти) =о 


Eliminating the four quantities А, В, С, Р between these 
equations we obtain the following determinant equation giving 


со80 :— 
cosh (ТІ! )совб (іт) (іт) 
cos6(ll^) cos (m) (Vm! | 
| =a (a) 
(lin) (m) сояб (ттт! )совб | 
(іт) (Ит) (таи )сояв сояб | 


or соз*6[1Ї']# [тт/]* + Heos?6+ [T^ /mw' |3 =o. 
where H stands for the co-efficient of соя?@ in (а). 


A 
ПИ =Sine of the angle W. 








і, 1, | |m, т, 
and [I7/mm'| = 5 (паз1,8,8,.. m sr 19...) 
UU, | lm, т, 
h. d. dha h2 | 1 (ШУ) (іт) (іт) 
. 1,’ aon as! (П) 1 (Um) (lm) 
Е [Umm] == = 
т, т, т, т, (Im) (mU) 1 (тт) 


т, m,'m, т, (Іт) (Пт) (тт) 1 
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the co-efficient of сов20 may һе written ax 
H = [Wmm']* — [W]? [man]? — [W/m]? 
and the determinant (a) reduces to 
cos L7] * [mm]? -- [10] 2 [mm]? + [1!/тт/]# — [lmm]? } сов? 6 
+ [U'/ma]*? =0 ds dx ies (B) 


This is a quadratic in cos?0 and therefore 0 has two values—6,. 
0, (say). Thus we have 


cos?6, .cos* 9, =[W/mm']? ДИТ [mm]? ies (А) 
and cos*6, +cos?6, --Н-ПІЛ [mm]? + [W/m]? — [Umm]? 


If we change all the cosines into sines in (а) by substituting 
со820--1--віп 30, we obtain 
sin?8, .sin*0, —[U'mm']* /[U ]* [oom]? Қ (В) 
Note: The idea of minimum angles іп Higher-space has been introduced 
by Veronese, as will appear from the following definitions :— 


Definition—" Unter dom Winkel zweier beliebiger Halbrüume versteht 
man denjenigen, welcher durch das normale Segment der beiden Halbebenen 
im Unendlichgvossen der beiden Halbr&ume gemessen wird."— 8$. LIT, Satz IV, 
Zusatz IT. 


And thus Veronese proceeds to define angles between two half-spaces— 
5. 139, Satz IX ;— 

“ Der Winkel zweier Halbrüume ist dor kleinste odor der grösste von den 
Winkeln, welche ein Strahl des einen mit einem Strahl des andern Halbriums 


und umgekehrt der letztore mit dom orsten macht, je nachdem er kleiner oder 
grösser als ein Recter ist." И 


$. 24, The planes being defined by two sets of three 
given points, to find the minimum angles between them. 
0) 
Let i (j=1, 2, 3; 1=1, 2, 8,...п) be the points defining one 
G) 
plane and Р (j=1, 2, 3; і-і, 2, 3,...») be those defining the 
other. 
(3) (1) 


Also, let the direction-cosines of the lines joining x, to г, 


(2) 
and в, be respectively l, and m, (t=1, 2, 3,...») and those of 
(8) (1) (2) 
the lines joining у, to у, and у, be respectively р, and 4; 


(i=l, 2, 8,...н). 
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Then, by §. 23 we have 
сов20, .cos? 0, ре а) 


“ 1, sly | Pi Pa Рас a UE [pq]? 


тұ т, и т, | di Yo 4%» 
М з) (1) (8) (2) 
But if г, and г, be the lengths г œ and ш w and ry’, 


қ (з) а) (9 (2) z 
' be those of the lines y у , у у respectively, we have 


(3) (1) (3) (1) (3) (1) 9 
By yg OUa y M, 
peet | 
. (2) 
(3) (2) (8) (2) (3) (2) 
Каз CI HDI CS ART E о ОН Н "n 
m, т, UT m, =r | 
(3) (1) (3) (1) (3) (1) ^ 
yi У Уз — Уз = У: Jy. =r! 
Pr Р» Pn є 
. (З 
ай б o o w O o сз) 
Аст YTY — — Ул Yn — ra! 
41 qz Tn 


Substituting the values of Їх, п'я, фе. obtained from (2) and 
(3) in the formula (1) for cos?6,. cos?0,, we obtain 





сз 0 з а) ө) D со фо 
Чр ey Ba — By | Ha mmt уу Va Ja -- 
(3) (2) (3) (2) (3) (2) (3) (2) 
| а. — 3 ta — Ëa [Y Ду Ya — Ya 
cos?6,.cos?6, ------------------ 2. ——— 
(3) а) (8) а) |9 (3) (1) (3) а)9 
nal Кутты 2 E Ja — ур Уз — Ja 
> > 
(3) (2) (3) (2) (3) (9) (3) (2) 
Шү wa Mg ag Yi Ур Уз У 
$9 шо G (D 1 0 0 
om Vi Mg — 2, 
But may be written as з) а) (9 () 
з o o Q9 12,-а, 2,-ғ, 
ty — 4) By — 0, 


(3) (2) (3 (2) 


Ф701 Py --4, 


1 1 1 
o o wj. 

oras | Wy LA ^, | (La, c) say. 
(1) (2) (3) 
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(3). а) (з) й) 1 1 1! 

Жал улу Уу У Уз 

Similarly o з (8 =| (n q (3) _ 1 ) 
i : 2 Y, 4 = Yr Ya) Say. 
Ллтіл Yor уз zi "ei INA У 


роз А _[> (1.4 уа Уһ у») P 
2. Сов?0,. cos?6, сь (be) р ... (4) 
Again, 


Síu*0,. Siu*0, = |lmpq]? / [im]? [py]? 


The numerator becomes 
(3) (0 (3) а) (8) а) (3) W| 2 
S| "nc Wa Ta — Pa Uy — à X, — ш, 
(3) (2) (3) (2) (3) 0) (з) (2) 
Ғі-- Шу Ba — ty dy — 4) ш, — 4, 
(3) (1) (з) (0 (3) а) (з а) 
Ji Уа); Уз— а Vi — JA 
(3) (2) (3) (3) (3) (2) (9 (2) 
Ji — Уу Yz — Уз Ys — Ys Yi TY 


which may be written ак 


S| 1 1 1 0 0 2 

(3) а) (3) (2) (3) а) (9 (9 

04-41 tet Wm Wm 
(3) (0 (3) 09 (3) а) (9 2) 

0 s, — vy By — te Jo — Yo Yo — Ya 
(3) а) (%) (2) (3) а) (3 (2 

О а)- 4; Fy — Ëa Уз — Ys Ys — Va 
(3) а) (з) ө) (3) а) 0) (9 

0 Wy 01 44, — Ya Уу, i Уа 

which again reduces to 5 1 1 1 0 0 0 2 


24109) Чү Ji У: ул 
а) 0) (3) (1) (2) (3) 
a ғ: Ws Уз у» Уз 
а) @ (3 а) (2) (3) 

Шу Vy б у, Ys Ys 
а) (2) (3) (1) (2) (3) 
Pa Ua UP, Ya Ya Js 

а) (2) (3) (1) (2) (3) 
„Га аууу T 
7 0,1 


| 
1 
| 
а) (Q0 Qe (з) | 
! 
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(1) (2) (9) (1) (2) (3) 


в ог є у у у 
г. Bin'Üisin*ó, = | ( 0,1 





+ Ese) > (yy, .. (5) 


Note.—We may call cus 0,. cos 8, =cos N, (any) the “index of рғо/есбаліу” 
between the two pluucs and denote it by e,. Thus e, —cos бү. cos @,. 


Similarly we may write sin8,.sin8, кіт 0, aud call sin 0, the "ratio of 
conjectivity," which may be denoted by e,. 


Thus e, —8in8, ,sin8,. 


Cor 1. The two given planes will be mutually perpendicular, 
if either of cos6, and cosÓ, vanishes. They will be “perpendi- 
cular of the first kind” or “simply perpendicular" if only опе of 
cos8, and созӣ, vanishes, and the other does not; and “perpendi- 
cular of the second kind” or “absolutely perpendicular” if both 
vanish. In the latter case all lines in one plane are perpendicular 
to all lines in the other. Thus in Hyper-space we meet with a 
new and more complete kiud of perpendicularity, which in our 
ordinary space would be impossible. 


Cor 2. lf one of sin 0, and sin 0, vanishes, and the other 
does not, the two planes intersect in a line. Tf both vanish, the 
two planes become coincident. 


Cor 3. The two planes will be ¿socline i.e. equally inclined 
to each other if 6,=6,. In this case the two planes have an 
infinite number of common perpendicular planes on which they 
cut out equal angles. 


Then, e, —cos?0 and e, =sin?6, where 0, —6, —6. 
з e, +e, — cos? 0 H- 8/3 0— 1. 


Thus the condition of isoclinism of two planes is 


e, +e, =1. 
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5. 25. То find the angle between a line and an r-space. 

Let the r-space be defined by т lines drawn through the 
origin, whose direction-cosines are ү (і- 1,9,9 .. r; 
i=l, 2,3, .. п), and let the direction-cosines of the given line 
be EUREN 2,3, ... п). 


Ф 
Let ғ, (j21,2,3, .. гу i=1, 2,3, ... n), be v points 


respectively on the » lines. 
Then, if V, be the content of the “join” of the v points and 
the origin we have :— 





Q1V,)js2 2| © ш а) аю 

"1 ta га see othe = H,? (апу) 
(2 (9) (2) (2) 

т "а Ws Pr 

(8) (8) (3) (3) 

Sio Pa 3 v, 

0) 0) 0) о) 
04.02... P, 


(41) 
161, be the perpendicular from any point ғ, (¢=1, 2,3, ... т) 
on the given line (drawn from the origin) on to the г-врасе and 
А, be the radius vector to this point, then we have 


h, = H,,,/H,* 


If 6 be the angle which the line makes with the r-space, 


we have h, = X4, sind 


Ала sind = H,,,/H,, 


If М, Àa, А, ... A, be the radii vectores to the ;-pointa 
(р 2 
on the lines, then we have А,/, =», (у =1,2,3, ... т; 


i=1,2,3, ... m) 


2. At, ,sin?@=H?,,/H?,. 








* Vide—Bulletine of the Calcutta Mathematical Society Vol. Т, No. 3, 
1909, 
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(1) (1) (1) (1) 9 
м ді, мі, T | 
(2) (2) (2) (2) | 
Жы; X 2.1, Ado e| 
> | 
(т) (7) (т) (т) 
A,l, 2,1, ee А 
0+1) (2-1) (т+1) (т+1) 
ХА ё+1°2 Ness а ыы rei rey 
or À, +, ?sin?0— 
(1) (1) (1) |9 
Р М OX Al, 
(2) (2) (2) 
Е X, А,!, AQ, 
о) (1) о) 
Al, "E у" 
(1) (1) (1) (1) 2 
1 2 1, +1 
(2) (2) (2) (2) 
i m 1, І, Lay 
> ' 
(1) (т) (7) C) 
1 ly ES І, +1 
(741) (1+1) (7+1) (7+1) 
L l, CNN "r +1 
.бїш"'б=.——————— aL, (say) 
(1) (1) (1) |2 
Т, 1, І, 
(2) (2) (2) 
= |^ Г, є 
(1) (т) (т) 
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^ Sin @=L,,,/L,; or in our notation the result may Бе 

f ‚% (1) (9) (ә) (ғы) з DD (9% 
written as—Sin ө = [| 1 ... 1 1 ОР... ]*..() 

Note: If we make use of the method of § 23, we obtain the 
result in the form of a determinant equation :— 


ау) (0 (8) (n 0+0 
1 стт) (гуш Qı 
(1) (2) (а) (8) заочну | 0 « QD 
^T у 1 Пк). AT) 
1) (9 (2) (3) (3) 0+1) 
Чупа лу 1 n о d 
(1) (741) (2) 0+1) (8) (т+1) 2 
РІ 501 )(1 1 ).. вов 





5 26. To find the minimum angles between an r-space 
and a s-space (n >r>s). 


Let the spaces be defined by lines drawn through the origin. 
0) 
Let 7, (j=1,2, 3, ... r;;/—1, 2, 3, .. | п) be the lines of 


7 (в) 
the у-врасе and m, (p=1, 9,3. ... s; i—1, 2. 8. . ^" be 
those of the s-space, 


Any line through the origin lying in the r-space is given by 
a) (2) (2) 
L,=A, 7, ЯМІ + M. + л, 
8 2 (a) (b) 
and, 1->і!,,->Л,--2 2A,AÀ, (i I ) .. (1) 
(a=1,2, .. r; база і, а, .. г) 
and any line іп the s-space is given by 
(1) (2) O) 
M,-pu,m, + p,m, co. +p, 


2 2 (с) (d) 
and 1= 2 т, = >и, +2 5 pena m т ) e. (2) 


(c21,2,3 .. s; б=е+1, +2, .. s) 


If 6 be the angle between these two lines L and М, we have 
* Campare Veronese—§ 137, Satz. I—Der Winkel, welchen ein Strahl 
mit einem Raum macht, іні dem Winkel gleich, welchen der Strahl mit seiner 
Projection auf den Raum macht. 
. Eng. Trans—The angle which a line makes with а space is equal to the 
angle which the line makes with its pfojection on the space. 
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(1) (2) (r) 
cox 6— 5 (шы. Сапа а HAL ) 


(1) ` (2) (3) 
(mm, рат, + ..- cL am, ) 


ға 


ыны. equations (1), (2) and (3) we obtain 
1 2 
б > А, ( ud lg + (>>. QUT E 


= 


ішк Аша (t) (ю 
=> ® А, 2 Pe (1 an ) da .. (3) 


rr ter (%) © 
=E m Ea (PP) e ЖШ 
ша дан () q) 
0- > би, > Pq ( m n ) ө (n (27 
P= 4=1 
aos Iq 8) 
0- т à, Р Ba ( 1 т ) 


ter іш t k 
+ > А, > би ( P5 ’) 
t=1 Іші 


Тһеп То p fixed and varying А we have 
р дра... =ён,=0 


ЕДШ f?) 2.8 (9,9) 


(j=l, 2 3, ... т) 9 
where к is a multiplier. ~ 
Putting 84, —8A, = ... -бА, = 0 we obtain 


= А, ( по = > ра ( нн 


t= 
(k = 1, 2, 3, зо 5) ды 
where к! is another multiplier. 
Multiplying equations (A) respectively by А,, А,, 
adding we get к cos 0 =1 and ~^ к--1/сов б, 
Similarly from (В) we obtain x’=cos б. 
Thus replacing к and к! 


А, 


(B), involving the (7+5) unknown quantities A, А), .. 
LI 
раз Кз os gne 


(3) 


(A) 


(B) 


and 


in (A) and (B) respectively by 


1/сов @ and cos 0, we obtain > equations in (А) and s equations in 


A5 
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59 ( wu ш) (т w) (ш | 
ү (s) a^ (s) (n (з) n 





(ша и) E (ш ш) ( w и) ( w |) 
+) 


(ғ) ( ( (9 () (0 Ф) об 
(сш м) aut (ш ш) ( ш ш) (м Бр) 
(s) (е) (6) (в) (g m) 5 (в) (9 
ош m I ( m w) ( мо р) 
© (г) ) fs) (0 (s) С) 
(ош ш) en ( w ш) I ( u р 
(е) (п) (s (0) а) (9 з 
(ж Рр n (е р) C ow D 0 802 
(е) (4) б) с) а) (9 z 


Cua D с (Qu p Cm p (1, D0% 
+) 


(=) (%) (5) ( (1) (Ф) (0 (0) z 
(Qu pom ( ш pC w р Ст ро» 
(s) (е) (c) (8) (0 (0) () (9 2 
(uw D cc (ow pow |) Ст 1) 0 202 
(з) (с) (в) (ә) а) (9 с) (є 5 
0—-|( w р го (К ш D (Cw р Са 0) 0 92 
(s) (т) 6) (0 а) (m (e) (п) 5 


әчү 301313 погуєпба juvuruziojap SUIMOT[OF aq} urejqo әм serymuenb 





me (ж Рр ( ш р 

чу (є G) (9) 
к (ш p (от 2) 
5 (s) (6) (є) (1) 
zs (ж )) ( т р 

(€) (є) (c) (0 
кє ( то р (ж р) 

а) (2) а) (1) tad 
"v Ср Des» ( 1 1) ө 809 

(4) (с) © (0) (1) є 





"v Cr Dgs (1 1) 0 809 


G) (9 © % (D © ` 
"v €a Dos» (1 085 
(в) (3) © (в) (0 © 
m 0 50) (1 род 309 
Z (6) (n) [4 
"ОС р 00509 9 so 
(6) а) 5 5 


--:0 зо seu[ea 
(s+) əsəq} Зитуватита Ха suey 
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nt 


(s) 


ш) 9 


(8) 


5) 


БЛ] 


M) 0 о) 


e 


ш) 0 802 


(1) 


H 


с 





m (сш 1) 
(е) (4) 
faa 
Pes ("u р) 
(00-6) 
... ( ut 
(=) 
a б 4) 
(в) (1) 
s (шаш uty 9 so) 
(8) 16) с 
а (ош ш) д ғо 
- (8) te г 
s Ө “9 
c 
ue (ош ш) 0 зо 
w) (п) [1 





Cu р 
а) (е) 


(ш р) 
а) (9) 


(ош 1) 
(D (б 


ш ш) 0 802 п 
(з) (т) є 





ш ш) @ 802 


(е) (п) в 
т ш) 0 502 
(є) (п) © 
Q 502 
6 


—: Se пәұрлл oq uredu Хеш эт} 10 
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This is a determinant of the (r+s)th order and gives an 
equation of the sth order in соз20. Hence 0 has s different values. 
Let60,, 0,,0,, ... 0, be these s values of 0, 


Changing cosines into sines іп the above equations we may 
obtain the results in a simple form :— 


The constant term then becomes |^ |? 1 ко 
(в) 2 
Ji | aud the coefficient of sin?3:0 becomes 


D 5 
a) Q (з) (77 (0 OG) (3) (s) : 
LL Lue. | m m m o... M 


^, Bin?Ü,. зіп20, ... sin?*0,— 


а) (3) о) (0 (9 (з) 
E 2... Dom an чыз nm 


(1) р |” (5) ч 
l i b^ sta ДІ 


Note: Іп the two determinauts (1) aud (II) above for 
determining the values of 0, it is seen that the degree in cus? 


2 (r—s) 


in (1) is rand that in (II) is з. Im (I) ros | 0 comes out as 
a factor. 





^ (r—s) roots of that equation are zero, 4,0. there are r—s 
angles which are all right angles; that is to say, there are 
(r—s) mutually orthogonal lines іп the r-space which are also 
orthogonal to the в-врасе. For the ғ-ярасе and the s-space may 
be contained in а space of (+s) dimensions.* 


The space orthogonal complementaryt to the s-space is an 
т-врасе. Butin ап (r-Fs)-space, two r-spaces always intersect in an 
{r+r—(r+s)} or (r—s)-space. Іп this (r—s)-space, through any 
point сап be drawn (r—s) lines, and only (r—s), which are 
mutually orthogonal. These (r—s) mutually orthogonal lines lie 


* Vide—Eugenio Bortini--Introduzione alla Geom. Proe. degli Iperspazi. 
Cap’ I, No. 10. 
T Explained in 5 28, 
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in the given г-врасе and are all orthogonal to the s-space, being in 
the orthogonal r-space. These (г--») orthogonal lines may 
be taken for the limiting lines in the »-space, but they are 
orthogonal to all lines in the s-space and consequently to the 
limiting lines in that space. Thus (7—s) of the minimum angles 
are right angles. 


Since these satisfy the definition of minimum angles we must 
include them іп the number of minimum angles. In fact they 
are neither minimum nor maximum. We thus generalise the 
theorem that the number of minimum angles between au r-space 
and а s-space is г, of which (7—к) are right angles. Properly 
spealeng there are only s minimum angles. 


Cor. :—If iu particular we put 7—3, в--2, and 0,,0, Ре the 
minimum angles, (p, 4. т) thelines defining the 3-space aud 
(1, m) those defining the plane, the equation reduces to: —* 


cos*0 | cos*0(Im) (ір) (4) (Tr) 
(Im)cos*0 | cos* (тр) (mq) (wr) 
(1р) (mp) 1 (pp (р) =o. (П) 
(14) Qu) (pq) 1 — (о 
(Ir) (m) (р) (qr) 1 


ІҒ we change the cosines into sines, we obtain the result in a 
simpler form :—Thus - 


sin*0,. sin?6, =[Impqr]?/[Im]?[pqr]? ... (IV) 
5.91. To find the minimum angles between two r-spaces. 


(27> п). 
Let the г-врасев be defined as in the preceding Article by 


г) and то) (j=1, 2, 3,...7; 1=1, 2, 3,...п). 


Then by the method ої 6. 26, we obtain a determinant of the 
2rth order, which yields an equation of the rth order in сов26. 





* Compare Veronese,—Grunzüge der Geometrie, &c. § 138, Defn. II and 
Bem. II. 
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The constant term in the equation may һе written in our notation 
as :— 


o (б а @) (r) 8 , 
11... l [m то... т | and the coefficient of сов?" 


(0 (2) (юа (0 (3 


(r)_2 
becomes [1 0 .. 0l.][m m .. з 1. 


Thus, if 0,, 0,, Oa, ... 0, be the г minimum angles, we have 


(1) (9) о) Ц) (2 (r) 2 
cos?6,.cos?6,...cos?0,= [1 | 1. 1 [m m .. т 


() зу (юз (Q0 Q0 () 2 
т... 1 JE 


+ [1 [m m .. m 1 we (D 


Changing cosines into sines we obtain 


а) (2) () й) (2) п 2 
sin?0,.sin?6,...8in?6,= [1 1... ! m m .. m 


(1) (2) (и) 2 (1) С) 0) 2 
ЕНГ l ][m т... т | ... (ТІ) 
Сот. 1:—If we put r=2, the result becomes 

п) (9) (D (92 ()(% (1) (2) 2 
cos*0,.cos?0, = 1 7 /m m 10 1 ] [m m | 


which agrees with the result already obtained іп $. 23. 


() (3 (0 0) 2 
Also, sin?6,.8in?6,= [1 | om m 


а) (92 () (22 
+p o! Jim m 


Cor. 2 :—Putting r=3, we obtain 


(n (9) @ D (2) (3) 2 
cos?0,.cos?0,.cos*0, — П 1 L /m m m ] 


а) (2) (3) 2 (0) (2 (а) а 
+p l l ][m m m ). 


а) 0) (3) (0 @) (з) 8 
віп%0,.кіп?0,вш"б,-Һ П 1 ! то m m 


а) 0) (3) 2 (0 (9 (3) 9 
x! 1 l j[m m m 
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§. 28. Orthogonal Hyper-spaces. We have seen (§. 10) 
that through any point of an r-space lying in an n-space (п>), 
there can ре drawn (n—r) lines, aud only (н--т), mutually 
orthogonal and such that each is perpendicular to all lines in the 
т-ярасе. These are then (4 —7) mutually orthogonal lines normal 
to the given r-space. They determine an (1 —7)-space, such that 
any line in this is perpendicular to any line in the r-space. This 
(и—г)-врасе is called the '* orthogonal Нурет-врасе " to the given 
r-space. This may also be termed “the orthogonal complementary 
space " to the given 7-space. 


5 29. То show that the minimum angles between any 
two planes iu an n-space are the same as those between the 
spaces orthogonal to them. 


An (n—2)-space ін orthogonal complementary to a plane. Let 
the planes be defined by the lines (1, ли) and (p,q) respectively 
all drawn through the origin. 


Let A, and p, (/—1, 2, 3, ... п) be any two lines, one in each 
of the spaces orthogonal 1o the planes. 


Tf 0 be the angle between these two lines, we have 


совб->А, p, "m sie .. (1) 
Again, since А lies in the space orthogonal to the plane (I, m) 
it is perpendicular to all lines in the plane. ~ 
Consequently, ZAJ, =0 zm те -. (2) 
ала Sim, =0 ade ДО .. (3) 
Similarly, жи, p,=0 ee ate .. (4) 
and >р, q, =0 ii n .. (5) 
Also 1= 5А," (6) 
and 1=Sp,? (7) 
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Differentiating these 7 equations we obtain 


0=5i, e+ Sp, А, 2 e (1) 
о-зі, à, is of el (2) 
0= 5%, à, " " ККЕ» 
0=5p, би, К * .. (4) 
0-24, òp, б " 2. 6) 
0-2, à, - Ge es (65 
о-ви, èn, a " e (7) 


Keeping A fixed and varying м, we have 6, 28A, =... =A, —0. 
From (17), (4^), (57) and (77), we must have a relation of tho 
form— 
AA, Ви, + Cp, + Dq,—0 
(/21,2,3, ... н) ... .. (А) 
where А, B, &c., are indeterminate. 
Similarly. by keeping и fixed, we obtain from (15, (2), (3) 
and (6!) 
АА, +B, E CL, + D'm, =0 
(f=1, 2.3, 0.0) ... .. (B) 
where A’. В", &c., are indeterminate. 


Multiplying (A) respectively Бу и), Mgs ... на in order and 
adding we get, in virtue of the relations (4) and (5) 

Acos6+B=0 ... in .. (8) 

Similarly, from (В), multiplying by А,, А,, ... А, and adding 


we get 


A'+ B'cosd=0.., zn we (9) 
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Substituting in (A) and (B) from equations (8) and (9) we 
obtain equations of the form— 
| №, –ш, cos8— Рр, + @; ue kis . (a) 
and p,—A, eos —P'l,-EQ'm, ... ЕЙ ә. (В) 
(1=1, 2, 8, ... п) 
Multiplying (а) Бу (1,,1,, ... la) in order and adding we get 
—(pl) eos8 —P (1р) + 0 (lq) Y .. (10) 


Similarly, multiplying (а) by ту, m,, ... т, and adding we 


obtain 


--(шп) cosd=P (mp) + О (mq) а . (11) 
In the same way we obtain from (68) 

(Ш) =Р'+ (0 (Im) T js ... (12) 

(pm) 2 P' (lin) 4- Q' sie ды 4. (23) 


From these equations (10), (11), (12) and (13), by eliminating 
(pl) and (um) we obtain 


{P'+Q'(lm)} cos6+P(Ulp) --Q/19) 0 |... ... (14) 
ІР(Іт)-- Q')e080 + P(mp) + (т) =0 ... we (15) 
In a similar manner from (а) and (В), after multiplying by 
Pris Par Pa 8nd qu, 03, ... Qa in order and adding we get 
{P+ Q(pq)}cos6+ Р'(Тр) + О"(тру — ... om „. (16) 
{P(pq) + Q)}cos6+ P'(lq) + (0 (тр) —0 ... 4. (17) 
Eliminating Р, Q, Р", () from equations (14) — (17) we obtain :— 
cos (Im)cos6 (1р) (19) 
(lm; cos cos6 (mp) (mq) 
Пр) (тр) со80 cos6( pq) = 
(14) (mq) «050, pq) соз 


сов'й || cos*O(In) (ір) || (Те) 
cos*Ü(lm) ^ cos*Ó (тр) | (тд) | 

(p) (mp) 1 (9) 

(4) (mq) (ра) 1 
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This is the same determinant equation as was obtained m 
5. 9З, and therefore gives the same values of 0. 


Thus fhe minimum angles between any two planes are the same as 
those between two spaces orthogonal to them. 


Note: Here it is seen that the number of minimum angles 
between two (и--2)-врасен is only two; but in general there аге 
(0—2) minimum angles. The reason for this is that the other 
(а-4) minimum angles all vanish, in view of the fact that the 
two (н-- 2)-красея iu an 2-space are not “independent,” but they 
must intersect in а space of (n -+) dimensions. 


5. 30. То show that the minimum angles between any 
two Hyperspaces are the same as those between spaces 
orthogonal to them. 


Take any two spaces of + and s dimensions respectively 
("+8 п), во that the spaces orthogonal to them are respectively 
of (1 —r) and (w—s) dimensions, 


Let the spaces be defined by lines drawn through the origin, 
whose direction-cosines are those given in $. 26. 


Take two lines A and м respectively in the two orthogonal 
spaces. If 0 he the augle between these lines, we have— 


іш”, 


созӣ = > Àp. М s (1) 


1= 2 pz.’ ES di (3) 


and since the line А is perpendicular to the г lines of the r-space, 
i=n (j) 
0= 2A 
i=l 
(j=1, 2,3, .. т 5% (А) 
and since p is perpendicular to the lines of the s-space we have 
теп (t) 
0 = 5 р, т, 
іші 


(Е-1, 2,3, .. з) ah (B) 
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Differentiating the above equations we obtain 


ішт i=" 
0 = Bd dy, + Spd, к (4) 
ї=1 i=l 
т=п 
0- E AB, (5) 
їі 
іш 
О = > pp, ise MA (6) 
i=l 
i=n (j) 
0-2 51 BÀ, " e (Р) 
іі 
(j 212,3 г) 
i=» (t) 
9025 т, ёр, .. "E 
їі 
(t = 1,2,8, ... з) 
Putting ФА, = 8А, =... = ӨЛ, = 0, we obtain relations of 
t=s (t) 
the form AA, + Ви, + Sa, т, = 0 wd (9) 
t=1 


(2 = 1,93, ... п) 
where А, B, a,, a,, &c. are indeterminate. 
Similarly, putting ӛн, = ёш, = ... = би, = 0, we get 
AX, + Bz, кті, jx 0 ax .. (10) 
ЗЕ палав. 
Multiplying (9) by p, Pas ... p, in order and adding we obtain, 
in virtue of the relations (B).— 


А сов + В = 0 
Similarly, we obtain A’ + B' cos? = 0 


Thus, equations (9) may be written as 
ізз (t) 
ХА, — p, cosó = Sa, т, б (а) 
і-і 


(i=l, 2, 3, ... п) 
and equations (10) may he written as 
gar. (j) 
р. — №, созӣ = > В, 1, wes .. | (В) 
j= 
(i = 1, 2, 3, ... п) 
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Multiplying (a) respectively by 9а И ы Ж; 
j = 1, 2,3, ... г) in order and adding we obtain, in virtue of the 
Р (7) t=s 40) (0) 
relations (A), (a 1 ) sos = > „(1 т ) e Су) 
#=1 


(у = 1,2,3,..-) 


From (B) we obtain, in а similar manner. 


(aP) =, (0) m e (8) 
(3= 1,2,3, . м.) 


(j) 
Eliminating ( pd ) between (y) and (8) we obtain 
t=s G) (о (р) G) 
>а, ( loan ) + ТН В, (Pı x )= 
і-і 
T -ш1,2,3,../).. (А) 


(t) 
Multiplying (а) aud (8) respectively Бут, (#1, 2,3... 5; 


i=1, 2, 3...) in order and proceeding in the same way, we obtain 


j=r G) 0) qs ^ (uq) С) 
> В, l m )+ сонӣ = са ( m m ) =0 
j=l 
(t= 1, 2:9. ҮП s.) б (B’) 
Eliminating (аура, .. a,) and (В,, 8, .. В,) from these 


(r+s) equations in (A’) and (B’) we obtain the saine determinant 
as was obtained in §26. 


Hence the values of 0 are the sume as in the case of two 
Hyper-spaces of г and s dimensions. 


N.B. Here the number ої mininnm angles ік х ; but the orthogonal 
spaces being of (л-г) and (n-s) dimensious (>), the number of minimum 
angles between them should generally be (n-r). The reason for this is that 
the remaining (7-7-8) minimum angles all vanish, in view of the fact that two 
Hyper- spaces Of (n.r) and (n-s) dimensions іп an n-space cannot be 

" independent, " but must bie ina lower space of (n-r-s) dimensions. 


Thus we get T n-r) — (n- г-к) ) pore minimum angles, 


7 
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§ 31. Toshow that the minimum angles between any 
two planes in an n-space are complements of the minimum 
angles between any of them and the space orthogonal to the 
other. : 

Let the planes be defined by the lines (І, т) and (р, q) 
respectively. 

Take any line (L) in the (»-Z2i-space orthogonal to the plane 
(1, эп) aud another line (Р) iu the plane (p, 4). 

Since (L) lies in the space orthogonal to the plane (l, т) we 


іш" 


must have > їі 0 ET ies (1) 
7 ixl 
= 

> Lom, =0 s 4 (2) 
1=1 
I&R 

Also, zL:-l T m (3) 
i=1 


And, since Р lies in the plane (р, у), we may take 


P, = А, + р, js Ре (4) 
(i= 1,2, 9, ... п) 
ЭР =] =X +p 3 Аы (py) ви (5) 
If ф be the angle between (L) and (P), we have 
Гази 


Cos ф = =н (Ар, Еш.) 


= 


=A (Lp) te (lg) сы з злії 
Differentiating equations (1), (2), (32, (5) & (6) we obtain 
ішіп 
oc 51,81, 5% E “aa (7) 
i= 
ішіп 
о= 5 т, ёі, э n iss (8) 
р==н 


о= 5 1, 1, aT ys "T (9) 
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о = 84 (А+ (р) +8 (a) +h} з 420 (10) 
=n ішіп 


о = (Lp) ёА + (Шуби КА È p, 8L, + д, bh, 
ПЕВ '—1 


іш 
= (Тір) 8A 4r (ар). > АА +pq,)dhi,, is (11) 


t= 


Keeping (L) fixed, we have 
k (Lp) = Ар (py) ) - ; 
( where k is indeterminate, 
k (Lg) = А (pq) +p 
Multiplying these by A uni и respectively and adding we obtain 
k cos фазі, 3. k=L/cos ф. 
7. Пір) =cosp {A+ p (ру)! s ze (12) 
(Ім)-совф [A pq) и! бе s (13) 
Keeping (P) fixed we obtain 
al, +bm, fel, +p, +q, ) =. 
(/21,3,3, .. m.) "E (14) 
where a, b. & c ате indeterminate. 
Multiplying (14) successively by Ї,. т,, Т, р,. 9, CSI, 2, n) 
in order and adding we get 
a+b (lm) +А (Ip) и Пд) о) 
а (lin) ВУХ Опр) + Onq)—0 
е+А (Lp) +p (14 ) =o 
а (1р) +6 (mp) +e (Lp) +A+p (pq) =o 
а (Iq) +b (mq) +e (Lg) +A (pq) ротою, 
By (12) & (13), c= — cos $ and 
e (Lip) = — con® EQ] 
c (Liq) = —eos*é(A(pq) +p} 
“These equations (A) can be written after eliminating г, 
(Lip), (Lq) as follow :— 
A Sin? ф + p Sin? ф (pq) + a (lp) +b (mp) = ч (15) 
А Sin? ф (pq) + р Sin? $ + a (19) + b (mq) = о 


à (lp) + и (Iq) + a+ b (lm) = о 
„А (тр) + p (mq) + a (Im) +b о 


[A) 


-----ұ--- 
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Eliminating А, м. а, b from these equations we obtain the 
following determinant equation :— 
Siu? Ф Sin? ф (pq) (lp) (mp) | =o... (16) 
Sin? ф (р) = Sin? (14) (mq) 
ар) (19) 1 (iin) 
(mp) (nq) (Im) 1 


If ф, and ф, are the values of ф, we have 
Sin?d, бф, = [tm pq}? [Сп] (м. 


But the expression оп the right-hand side ік the same as was 
obtained in 923 for Cos?6,. Cos*0,. Further if we replace ф by 
(1—9) іш (16) we obtain the equation of $23. 


г. бу and 0, are respectively the complements of ф, and ф,. 


Again, from the symmetry in the result, we infer аб once that 
$, and $, are also the minimum angles between the plane (/, т) 
and the space orthogonal to the plane (p, 4). 

Cor :—If we put Sin*$ = 1 — Сов?ф, then 


Cos? $,. Cos? 6, = отри“ [hn] [pq]? 
= Sin?0,. Sin?6,. (523). 


$ 32. To find the angles between a s-space and a space 
orthogonal to a given r-space (28 and r+sẸ n). 

Let the r-space and the s-space be defined as in 926. 

Take а line (L) in the space orthogonal to the r-space. and 


another line (P) in the s-space. 


=n бі) 
Then we have > L, !, = 0 
i= 
(j2,28..7 .. 2. @) 
iEn , 
ала > Ly zl ,- зд . (2) 


і-ші 
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Again, since (P) lies in the s-space. we may take 


t=s (^) 
Р, = 5 Mm, ed La es (3) 
t=1 
where A, is indeterminate and й = 1.2, 3,.., n. 
іш, 
also > Р, =1 
i=l 
j= t=s ( (t) 
= > 5 AA, (m m i es СЮ 
іші і-і 


2 (а) (b) 
= ж, +2524 0 т ) 
1 . 
where a = 1, 2, 3, ... s; b =a + l,a + 2....5, 


If ф be the angle between (L) and (P) we have 


{= (шен 


собф= > L P= > 1, (А, i +r, n Toc Ab 
і-ші i=l 
t=s m 
= mA, (1ш ) m e. (9) 
t=1 


Differentiating equations (1), (2), (+) and (5) we obtain 


=n (р 
ош > 1; 8L, 4 Қ (6) 
і-ші 
(7 = 1, 2,3, ..... ”) 
к=т 
ош = L, 8L, 2 atte em (7) 
1— 
=s t=s KZ 
о= > 8А, es À, би” ) As .. (8) 
р=1 i= 
t=s ‘=n t=s 


and o = Б ёл, Ы + түн SA, a: es (9) 
t= 
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Keeping (L) fixed we obtain 
Екей 
( (рі 
k (Т, nes 5 А, (т : т) 
t=1 ; 
(разі, 2, 8, КЕ з), 
where А is in determinate. 


Multiplying these by А,, А,, ... А, successively and adding 
we get К сов = 1; ", k = 1 / соз ф. 


t=s (р 
г. (І, ny со $^ > А, (т m i a ! (10) 
( і-ші 
(р--1,9,3,..«) 

Again, keeping (P) fixed we obtain 

j=r =н а 

> nd ES 5 àm, =o .. (11) 

j=l t=1 


(i = 1, 2,3, ... н) 
Multiplying equations (11) by L,, L,, . L, respectively and 


adding we get b + cos ф = о. = — cos 9. .. (12) 
Again, multiplying the same equations successively by 
жол GALS Жол сл В oc ndn 

order and adding we get 

ішт (9) 097 і- zr 
5 а, (ПТ) 5 An P" you 2. (13) 
j=l =1 

(9=1, 2, 8, ...7.) 

and = а, @? m Ad cos ф (L т 0) Em”) Jes 

j=l сов ф 
шт 
t.e. m а, i i Ше! sin? ф (L m Оу, cos ф —0.. .. (14) 
j=l 
(t = 1, 2, 3,...... 8) 


Eliminating (L m”) between (10) and (14) же get 
equations. 

Thus altogether we obtain (r-Fs) equations from (13) and (14) 
involving the (r+s) quantities a,,a,,... а, and Лу, Ags А, ... М 
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determinant 


get the following 


them we 


ing 


Чішіпаб 


equation 


© 








~ 
~ 


( 


(4) (ғ) 


l nt), ... 
(4) (8) 


ст) C19 
(є) Сб (D (4) 
I 11 
а) (8) 
(1/0 1 
(е) (1) 
( 7 ш) С ром) 
(€) (8) a) (s) 
ш ( 1 ш) 
Cuba ) a) (е) 
aw) ( 1 
Co! (т) ) п) (D 


ш) ( 


(з) 


ти 


ut jo u9 


(е) 


( 


м)ф utg 
D 


(ш р) ( w 1) 
е) (4) (0 С) 
( w 1) ( w 1) 
(в) (4) (D (9 
(ш 1) ( w 1) 
е) а) M (m 
ш w) pug ( ш w)p,uIg 
(к) (9 (=) (1 
pug ( ш луфуція 
(6) (D 
шо шуф: ф.ш9 
(5) (0) 


ыл 
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This is the same determinant to find Sin ф as was obtained in 
§ 26 (II) to find cos 0 and gives s values ої ф--(ф,, ф,...ф,). 

Hence the Фе in this equation are the complements of 6’s in 
§ 26. | 


If we put Біп!ф--1--сов!ф, we obtain 


ie ү) a) (2) (з) В 

; SU тот Em 

Сов3ф,. сон%ф,...сон!ф, = "пу (у бузу {у 
1.14 Pim m umn ]* 


—Bin*6, .Sin?6, . ...Sin*0, . ($26, cor). 


Note.--From the symmetry in the above determinant it is seen that we. 
Should obtain the same result if we calculate the angles between the :-space 
and the space orthogonal to the s-space. In this case we obtain the deter- 
minant (I) of § 26, and the remark made in the corollary of that article 
applies to this case also. 

Thus we may gencralise the theorem in the following form :— 

“If there are any fico spaces of т and х dimensions respectively (т + ъп), 
the angles between these spaces ure complements of those between any of them 
and the space orthogonal lo the other,” 


$33. Minimal lines: 

In detining angles between any two spaces we have taken one 
line in each of the spaces and then determined the minimum angles 
between these two lines. These lines in their limiting’ positions 
і.е. when the angle between them is a minimum, will be called 
“ minimal lines.” The two lines in cach limiting position will be 
ealled “corresponding lines," and when the lines are drawn 
through the same point, the plane determined by them will be 


culled а “minimal plane." 


§ 34. The minimal lines in each of two given planes are 
at right angles to each other. 

Let AOB and COD be апу two planes drawn through any 
origin O, Since five points will suffice to determine the planes, 
they can be drawn so as to lie in a Hyper-space of four dimen- 
sions. Let ОА and OB be the minimal lines in one plane and 
OC, OD in the other, so that the angles AOC and BOD are 
minimum angles and the planes AOC and BOD are “minimal 
planes.” It is required to show that OB and OD are respectively 


INCLINATIONS OF SPACES. 57 


perpendicular to OA and OC; and consequently the plane BOD 
is absolutely perpendicular to AOC. 


Since /AOC is a 
minimum angle between 
the planes AOB and 
COD, the plane AOC is 
a common perpendicular 


plane to AOB and COD. 





~ ZA and ZC areright angles. For similar reasons, Z В 
and / Dare right angles. Thus the four lines OA, OB, OC, 
OD are such that / "А, В, О, D are right angles. 

It is required to shew that / АОВ and ZCOD are right 
angles. If not, le& AOP and COQ be each a right angle. Then 
POQ is a plane which intersects both the planes АОВ and 
COD and Z AOP and Z COQ are right angles. 

Now planes AOC, COQ, AOQ lie in a 2-space determined 
by OA, OC, OQ; and ОС is perpendicular to OQ and ZC is a 
right angle. ~. / АОб is a right augle.* ` 

Thus OA is perpendicular to both the lines OP and OQ; and 
consequently to the plane POQ. ~. / P is à right angle. Simi- 
larly ZQ is also a right angle. 


Те plane POQ із а common perpendicular plane to AOB 
and COD ze, POQ is a minimal plane. But there are only 
two minimal planes. ~. The plane POQ must coincide with BOD 

ZAOB and ZCOD are right angles. Consequently the 
minimal planes are absolutely perpendicular to each other. 

Cor. I: If the two given planes are absolutely perpendicular, 
Z "АОС, BOD are both right angles. Hence the four lines OA, 
OB, OC, OD are mutually orthogonal, as also the four planes 
АОВ, AOC, BOC, COD. Hence the two planes AOD and 
BOC are also orthogonal to each other, as well as to the four 
planes. Thus the four lines determine a system of mutually 
orthogonal lines. 


Vide—Todhunter, Sph. Trigonometry, §73. 
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Cor. II: If the two planes have a common point, any plane 
through this point and cutting the two minimal planes in two 
right lines will be perpendicular to both. For the lines of 
intersection are mutually orthogoral, as also are the angles 
ZC and ZD right angles. Thus the minimal planes (absolutely 
perpendicular to each other) have an infinite number of 
, common perpendicular planes, on which they cut out right 
angles. 


§ 85. An analytical proof of the above theorem may be 
given as follows :— 


Let the planes be defined as in 523. 


Let A,, A, and B,, B, be the two values of A aud B respec- 
tively in equations 8—11 (523), corresponding to the limiting 
positiohs of the minimal lines. Also let C,, C, and D,, D, be the 
corresponding values of C and D respectively in the other plane. 

Now the angle between the minimal lines corresponding tu 
the two values of С and D being ф, we have 

=" 


Cos p= 5 (С, т, + D,w',) (С, т, + D, w,) 
РЕЧИ 


=C,C,+(C,D,+D,0,) (mm')+D,D,. .. (1) 


The equations determining the values of A, B, C, D are 
1--А:--В%--2АВ(Ш) ) 
1-С%--П3--2 Ср (ти) 
and А cos +В cos 0. (1) —C (lm)—D (іт/)-0 
A cos 0 (W) +В cos 0--С (Й т) — D (/т/)-0 (в) 
А (bn) +B (l’m)—C сов 0-- сов 0 (mm')=0 
A (lm) +B (т) — C (mm) сов 6-П сов 0—0 


(A) 


Solving the first two equations in (B) for A and B we obtain 


A 
Сі(йт)-(/т) (И) + D{ (іт) — (w^) (07) } 
" B 
СО (m)— (Im) (W) +0 (Pm) (107) } 
v d 
- eos Ө ПИТ 
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From the last two equations in (B) we have 


С+0(тт) А(/т)--В(/т) 
C(mm')+D~ A(Im^) + B(o/) 





Substituting the values of A and B in this, we obtain 


C+D (тт) 0 
O(mm)-D Y’ 


where 


QC { (lm)? + (Vm)? — 2 (Im) (Um) (I) } + D (іт) (Im) 
+ (m) (Іт/)--(12) (іт) (m^) — (WU) (И) (Vm) }. | 
Ф=С (іт) (іш) + (Um) (Vm) — (Іт) (Im) (I) 
— (W) (Іт) (тур + D | (Im)? + (m)? 
— 2 (II) (Im^) (Ил!) |. 
Put а = (Im)? + (Ёт)* 2017) (Im) (I'm). 
В = (Im)? + (Um) — 2 (ШУ (Im) (^m). 
у= (Пт) (іт) + (Um) (Vw) — (m) (Im) (17) 
—(W) (lm) (Im). 
Then we have 
C+D (mm) C-a+D-y 
С (тт) +0 C.y-D.8 
or {C+D (тт) {Cy+DB}={C (тт) +0} {Са+ Dy} 
or C? {у—а (mm')}+CD{y (тт) В-- у (mm')—a} 
$D2{B (пт) —у}=0. 
or C? Íy—a (mm’)}4+CD{B—a} --D* (8 (тт) —y] —0. 





This is а quadratic in C/D and hence gives two values of C/D, 
namely, C,/D, and C,/D,. 
C,C, 8 (mm')—y 
Then, 7а а. Б Wm У 
s D,D, y—a (mm) 
с, С B—a« 
d ctplt-—.——.—, 
эп D, *p, y—2 (mm) 


(2) 


From (1) we have cos$—0,C, -- (C, D, -C,D,) (mm) --D,D, 


= C,C, (5 5) 
«0,0, | D,D,* D,*D, (тт) +1 
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Substituting the values from (2) we obtain 
сов ф=р, 0, E (Aa) (mm) | d 


уча (тт) — y—a (тт) 
uu [Ammo Bom нн) на нн) = 0 
г. ф=2п mH Т.е. the two minimal lines OC and OD are 
mutually perpendicular. 


Similarly, the two corresponding lines іп the other plaue are 
mutually perpendicular. 


Cor: The minimal planes are also mutually orthogonal. 
$36. То express the minimum angles between any two 


planes in an n-space in terms of the mutual distances 
between the generating points. 


Let the planes be defined by two sets of 3 given points whose 
G) G) 
coordinates are «, and y, (j=1, 2, 3 ; 7=1, 2, 3... и) respectively. 


If Ө, and 6, be the minimum angles between the planes, we 
have by 6, 24, 


(Sdh, ra) / Q y, ya]? 








cos?6,.cos?6, = (із іу, ya)? `7 (1) 
s we have 
4 0 о1Х(|0 O nm о 1 
t à) КӨЗЕ а) б) / (0e 
z(: a -д очам, 1; 1 у, Yn > у.) 
(2)\ 2 G) | (2) (2) (2) 
z(e.) і c qu ры tou z(v.) 
(3) ar (3) | (3) (3) (3) я 
O аба gg x 
(1) (1) (1) (1) 
=4 > 1 4) а, 1 у, Уа 
(2) (2) (2) (2) 
1 4, Р 1 у у, 
(3) (3) (3) (3) 
1 “ "а 1 Yı ЕР 


=4 (12, 7,) /(1у, ys) 
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1 

E id ГЕ py (< (2) w jd у) = Asy (вау) .. (2) 

IC а) o (2) (3) (8) (9) уз 
ч: 

Қ m Py (4 (8) vy (9%) (8) 


а) (8) 
where (. у) stands for the distance between the points 


(1) (1) 
denoted by wr or у. 


The numerator ої (1)— + 





p ôt (3) 
| | QoS 4. Q @ а) а) 
Again, S(1 æ, 7,)?=S/ la, | ->|1), 2, lr, 2, 
(3) (2) (2) (2) (2) ву 
т, а, т Ха тоол, 
(8) (3) (3) (3) (3) (8) 
г; Ta "1 "а! 1. 2, | 
_ Цо 1 1 1 
74 


а) (2) (1) (3)\? 

ce que dq 

(2) (1)\2 (2) (3943 

1 (з Ф ) о (з КА ) 
(3) (1)\ з (2) (3)\ 2 


о 

d 1 

74 А», (say). ni (4) 
Similarly, > (1 VV = + Avy (5) 


^ cos? 0,. сов" 0, 


2 
= Ts А., + + Mest Ау» 
2 
-A.l А..А,,. 


where Aay, А... Ау, stand respectively for the determinants 
in (2), (4) and (5). 
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Again, by the same §24, 
(1) (8) (в) (1) (9) (8) 9 
8іп?6,. sin36,— Е “_=@ у у у 


0,1, 
+ ТА. ЗА, (6) 








The numerator іп (6) can һе expressed іп terms of the mutual 
distances between the points as follows :— 


1 0 ig 0 00 |x 
(1) а) (1) 
>(«,)* —2u .. -—2v 0 1 
(2) (2) (2) 
zm.) —9s .. -—9s, 0 1 
(3) (3) (3) 
(nu) —2v ..  —2», 0 1 
(1) (1) (1) 
| >(у,)" —2y, Us —2y, 1 1 
(2) (2) (2) 
S(y,)? —9y, .. —2y, 1 1 
_ B (3) (3) 
Sy)? —2y, 2. —24y, 1 1 
0 0 X 0 0 1 
а) а) а 
1 ty Vy 0 zx 2 
(2) (2) ( 
1 «c т, 0 S(,)? 
(3) (3) К ¢ 
l » А 0 S(«,)? 
а) (1) ЕК 
1 у, у, 1  2z(y) 
(2) (2) ох 
1 71 У, 1 >(у )* 
(5) (8) ( 
1 уһ Yn 1 =(y,)? 





а) (2) (3) 42 H (3) 
= = мет 2 3 уу шош y 
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І+ :( fi ғ) 
(6) (в) 


Itc( б 4) 
(8) (т) 


(A) 
(в) (6) 


a( A а) 
(е) (2) 


(A ғ) 
(е) (0) 


THC й б) 
(г) (1) 


(6 x) 
а) (6) 


в( fi “) 


(5) @ 


(й 2) 


(в) (1) 


2( 4 ғ) 


(1) (е) 


“ вот 
(D (8) 


:(й 2) 
(1) (D 


--дивиналаер Iy} aid podyum soorzjeur eures ayy, 


(A г) «(Б а) 
(є) (е) (8) (4) 
в( Ё х) af Á ") 
(6) (8) (s) (2) 
(© >) «(5 2) 
(т) (8) (т) (8) 

(z а 
9 * в) а 
«(Ж ” 0 
(8) є) 
«(2 т) «( ж 7) 
(е) (1) (в) (1) 
1 1 


2( & а) 
є (D 


«(б æ) 
(в) (1) 


1 
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І-й б) 
(е) (е) 


1+ь( 4 fi) 
(є) (т) 


«(5 2) 


«(5 г) 
(6) (в) 


(f а 
"to (в) ) 


.(й m) 
в) (1) 


CA „+ 
"ip (£) ) 


s( A m) 
а) (8) 


(0 4) 
(г (т) 


«(Б а) 
(е) (е) 


:( 4 а) 
(5) (в) 


gx x 


(8) (с) 


«( # æ) 


(8) (т) 


«( й +) 
(є) (т) 


а(й а) 
@© (1) 


a( A x) 
(0) (т) 


1 


пәфџрлм әд urede (eur stu T, 


0 


1 
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, Adding the Ist row to each of the 6th, 7th and 8th rows 
and then subtracting the 2nd row, we obtain (denoting the points 
(1) (2) (3) (1) (2) (3) : 
т, а, æ bythenumeralsl,2,3andy, y, y Ъу1, 2',3—: 
1 1 1 0 0 0 
1 1 1 1 1 1 
00 (ФА) (31* Q^D* (2) (8,1) 
(1,2)? 0 (3,2)? (1,2): (2'2) (3,2)% 
(3) (2239 0 (013) (2,3) (3,3) 
(119° (210% (3,1): 0  (2,1)* (810% 
(L2) (22) (329) (29)? 0 (2,3) 

(L3)* (23)* (33) (1,3): (2/3) O 


к к KF Ọ O O O н 
ем к к ы ы мш о о 


123 





z Л, (вау). 
1231'2'3' 2 123 
[| 0,1 | =z Arns 


1283 


гы. Sin?6, .Sin*0, =A 1/8787 --Д.. А.у- 


$37. To prove that the orthogonal projection of a plane 
circle on another plane is an ellipse, and that the square of 
its area is equal to the sum of the squares of the areas of 
the ellipses of projection on the coordinate planes determined 
by each pair of axes. 

Let (l,m) be the plane of the circle, the origin its centre and 
let (p,q) be any other plane. 


If 0,,0, be the minimum angles between these planes, we 
have by $93, Cos0, .Совӣ, =[Im/pq]/[lm] [pa]. 


We have also seen that the minimal lines in each plane are 
mutually orthogonal. Therefore if we take the two minimal lines 
for diameters of the circle, they will project into two orthogonal 
lines through the projection of the centre. 
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Hence two conjugate diameters of the circle will project into 
two perpendicular diameters of the projected figure, t.e, into two 
axes. 


The projection is а conic* and since the projecting lines all 
meet the plane of projection in finite points, the projection will 
be a closed figure, and consequently it is an ellipse. 


, 1 а бе the radius of the circle, the product of the axes of 
the ellipse=a совӣ,. а cos6,. 


=a! сов0,.сов0, 
=a" [Imjpq]/(1m] | ра) 
*. The area of the ellipse =a? [Im/pq]/[lm] [рд] 
If the plane (p,q) be any of the coordinate planes (say) the 
plane (1, 2), 
=] 


А Sum of the ч es of the areas of projection 
1, + [п]®=т*а*[Итп]*/[їт]* 


б 
=т*а% = square of the area of the circle. 


then the area=7a? l, 
ту 








=т?а* >| 1 





598. New definition of angles between two planes: 
From the form of the expression for cos 0,. cos 0, between two 
planes (§24) we may readily infer a new definition of angles 
between two planes. For, in (4) of §24, we find that the numera- 
tor is the sum of the products of the type 
а) (9 а) () 


ш У rs - @) 
(9) (2) (2) (2) 

1 ғ, 2, 1 у Ys 
(3) (9) (3) (9 

1 a, ғ, 1 у; Ys 


Now, the first factor = 2 x area of the triangle in the axial 
plane (1,2), which is the projection of the 


triangle З determined by the three given 
) (2) 
points x, а, "a 





* This follows from $4, Cap. XII, Bertini—loc. cit, 
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Similarly, the second factor = 2 x area of the triangle in the 
axial plane (1,2), which is the 
projection of the triangle S' in 
the plane determined by the 

. а) (9 (9 
three points y, y, y- 
If S,, and S',, be these areas, the numerator becomes 458, ,9',,. 
Again, we have seen $22 that S* — 282, 
(r=1, 2,...» ; s=r+1, r+2...n) 
ш а) Q аура 


АБ|1:, а, |} =48%andS/ 1 у, у, | =48 
(2) (2) (2) (2) 
le, =, 1 у, Ys 
(68) (s (а) (8) 
1 ғ, 2, ly, y, 


Hence the expression (4) of $24 becomes 
сов", .cos*0, — (4B, , S', ,)/48. 45? 
=(28,, 8,18 8" 
2 58! созӣ, .совӣ, =58,, S',, 
(r=1, 2, 3...п; 8=7+1, r+2, --3,...n) 
Since any plane area can be divided into an infinite number of 


small triangles, the reasoning will apply when S and 5" are any 
two plane areas. 

Thus if S and 5" are any two plane areas in the given planes 
respectively and S, ,, 5',, etc. are respectively their projections on 
the axial planes, then the angles between the planes of S and 8! 
are given by 

SS' совӣ, .cos0, — 2 S,, S',, 

[rz1, 2, 8,...& ; s=r+1,7+2, r+3,...0] ... (2) 


$89. To find the shortest distance between two given 
planes in an n-space. 

The shortest distance between any two planes is the intercept 
on the line which meets both of them orthogonally. Hence it is 
the projection of the line joining any two points of the planes 
on а common perpendicular line to both the planes. 
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The planes are each determined by three given points, Thus 
they can be drawn so as to lie in a 5-space determined by the six 
points.* Again, the line on which the shortest distance lies 
intersects both the planes, and thus having two of its points in 
the same 5-space, entirely lies in it. Hence the problem reduces 
to one in 5-dimensional Geometry. 


Now, let (z,, y,, zi) and (.е,', y,', 2, ) be two sets of З points 
defining the planes (¢=1, 2, 3, 4, 5). 

Let the direction-cosines of the lines joining 2 to y and z be 

(3) 
given respectively by l, and those of the lines joining 4' to у! 
(2) 

and 2 be given by m, (j=1, 2; 7=1, 2, 3, 4, 5). 

Let А be the line on which the shortest distance lies, so that 
its direction-cosines are А, (2--1, 2, 3, 4, 5). 

Now, the content У, of the “join” of the six given points is 


given by (5!V,)?t = 


1 
1 
1 
1 г) a w, t, t 
1 
1 


= | 0 а4,-2) 4,-е, 2,-е, By, уч |? 
0 «,—у, а-у 4;-Уу 24,-У. 4,-У. 
0 z,—z, %4,-27, %,-2, 2.--2, 85—25 
1 2. ы 23! D, g,! 
0 211—5, w'—y, By —Ya w,—y, z,—y, 
0 g'z, 0,1—2, 7,-4, 9,'—2,' w,-—z, 


' ' , Й , , ' Й 
Ly Yı Za —Ya Xa —Ys 24--У, 24,-%7, 


, ' ' , , ! ' 
2,--2 By —Za By --2%у 7,--4, %,--2, 





* Vide—Bertini—[Introduzione etc., Cap I, No. 10-11. 
T Vide—Proc. of the London Math. Roc. Vols. XVIII and XIX. 
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If жур, az =o; ду = p, аш =o', where «y stands for the 
distance between the points х апа y, then we have 


























€1—913 _'#а—У __ — 85—75 =р 
(1) um (1) тт үш (1) Ч 
l 1, 5 і 

$,—2, -2,-2;) _ = 88—85 p. 
(2) (2) (2) З 
[s I 

Лю 2,'— yj 2, —Ys А 

“ау = d в. в ЧО шр, 
т, My, а т, 

а-г. а,-:2, а-а, 
@ = (0 =.= ( =. 
ті” та т 2 


Substituting these values in the determinant (1) we 





obtain 
ЗУ, - | 
01—40, ,—2, 203—0, %,--й, 23—82, 
(1; (1) а) (1) а) 
1P aP lap lap lap 
(2) (2) (2) (2) (2) 
1, lao l; і, іт 
0, w, w, а а) 
тур Map Msp тар! тър! 
(9) ; (2) Р (2) (2) (2) 
тус тус тас" т.с тус 
' (1) (2) (1) (2) j (1) (2 (1) (3) 
Ұма ы (es l,l, m, m, )-G', I, Їз m т) .. (2) 


Now, the line A is perpendicular to both the planes and 
consequently to all lines in them. 


2 By the condition of perpendicularity we obtain :— 


іш а) іш (2) 
S Al, -0 5 A, І; =0 
1=1 T= 
(3) 
i=5 а) 1—6 (а) 
> Хіт, =0, д; mi =0 
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Solving these equations for À,, А,, Ху» A,, Às, we obtain 


NT MEME EET A, = A, 
TAO) = (10 9 0008 = (0 09 (0 (9 = we (17 (9) 
„ба °з M, My, 1 бз M, т,). 1 їз M, 8, 11, mg т, 
= Às ET 1 
тшо ет (пу) (1) @ .- (4) 
1 ба Па Т, 1 1 т m | 
t=5 3 
for > А, - 1. 
тазі 


If 5 denotes the shortest distance (в. 4.) between the planes, 
it is the projection of aw’ on the line (A), and consequently 
8==(ж,—а',) M Hèra 4.) Ag+ (а,-а,) Ag + (а, —2",)А, 

" T (т„—а'„)А». 
Substituting these values of A's from (4) in this we obtain 

(1) (2) (1) (2) 


[l 1 m т ]=| ж ж,-ш, бага 4,-т, 2-0, 
(1) (1) (1) а) (1) 
1, 2 1, 4 5 
(2) (2) (2) (2) (2) 
1 2 1, 4 в 
(QNO а) а) а) 
тп, т, т, т, т, 
(9) (9) (9) (9) (2) 
m, т, т» m, Ms 
=5!V ,/pp'co’. 
(1) (9) (а) (9 
x V, = Pw. Simm] з . (5) 


Now the area A of the triangle zyz—ipe віпб, where Ө is 


the angle between the lines ту and az. 
) (2) 
or A =tpc ” l]. 
Similarly, the area A’ of the triangle a’ y'z' is given by 
(1) (2) 
А-іре (тт 
(1) (2) (1) (9) 
a SAA'zppoc! [1 1 | [mm] 
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AA A! а) (2) (1) А 


“Vs = пуру бузу т" 
ӨШ 1| [mm 1 


(1) (2) (1) (2 | 
ог (30У ,)* AMA [ 1 of np Ai (0 P балы ДА 


=Д*.Д\'*#.8# sin*0, -sin*0,* (8.23) sss (A) 


where 0, and 0, are the minimum angles between the planes. 


Now, 4A?=5 2, % P =S (1 ay:)® 


У: Ув 


and 4 A"?=5 


1 

1 

1 РА Za 
1 у, wy | = (1ттуъ>')% 
1 

1 


| 
— 
ЕЈ 
«а 
о N 
8, 
FS 
Ыс. 


and sin?0, -sin*0, = ] Й +5 (lys: E(layg) 
(8. 24) 


= E ]* ТҮЛЕУІ 


1 М a LP 2 
Thus finally, from (А) we obtain 


2283 aga 7у2 3 
po Wa 716 [ 0,1 | 


or (5! Ү.ж [as | 


| ET " aye ahy c a 
s ба (Ы Уа [a | 





* This exactly corresponds to the formula in 3-dimensional Geometry— 
vide Salmon’s Geometry of three dimensions, Ex. 3, р. 50, 
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= 5 |1 2 [A 2, ta m, |? 
1 y: Ya Ys Ys Ys 
1 TA Za 2, 2, 2, 
1 ®', ”, ”, м, a's 
1 уһ Y's Y's y. уһ 
1 г', га 2, 2, 2, 

+ 5 1 1 1 0 0 0 р 
0 0 0 1 1 1 
Pi Vi zi а y г, 
ту Ya Za v. y's a's 
т, Vs 2, as 7% 2, 
2, y. 0002, m y. al 


Thus 6 is expressed in terms of the coordinates of the generat- 
ing points of the planes. 


Wote.—The method is perfectly genera] and can be applied in the case of 


two spaces of any number of dimensions. Thus the shortest distance between 


(0) (1) Л) ee (1) d 2. 

two spaces S, (ж, 2, ... ш and 5,Ау, у, .. Y is given by — 
| з р 00) (9 0) (3. 

в = { (+ +1)! төгө} МЕ кы | 


CHAPTER III: Hyper-Spheres ог Spherics. 


$40. Definitions: Ап --sphericin an m-space is a surface 
of the second order of r dimensions. It is the locus of points in 
ап т-врасе, which are equidistant from a fixed point in the same, 
called the centre. 


Any line drawn through the centre to intersect the surface is 
called a “diameter.” Any plane through the centre intersecting 
the surface is called a “diametral plane"; and in general, any 
k-space (k < т) drawn through the centre фо intersect the‘ 
r-spheric is called a " diametral k-space."* 


§41. To find the equations of the circum-circle of a 
triangle, the co-ordinates of whose vertices are given. 
Leta,, 8,, y, (2=1, 9, 3,......n) be the three vertices of a 
triangle. The equation of any 2-spheric may he written as:— 
1==1 фен 


> и? +2 > А, ,+С„=о vd .. (1) 


іші t=1 
where A, and C, are arbitrary constants. 
If this passes through the three given points (а,, B,, Y.) 


we must have those arbitrary constants connected by the 
relations :— 


=н ; = 
ер m^ a, +C, —o e .. (2) 
i= i= 
t=n " у= 
ЕМЕЛ (8) 
шш ъ= 
ішт й ан 
S" +2 2 А, ү,+0,=0  .. 4. (4) 
= ъ= 





“А number of theorems on the intersection of diametral spaces (Diametral- 
гайте) with Spherics (Kugeloberfliche) have been enunciated by Veronese. 
Vide—Gründzuge der Geometrie &c. § 174. We here proceed with the 
analytical nvestigations of certain properties of general spherics. 
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Eliminating A,, A,,...... A,, С, from these equations, we obtain 
the. equations of a set of w-spherics, having a common circle of 
intersection passing through the three given points,— 


т.е. the equations of the circumeircle are 





‘=n 

> "s т жылыта cally 1 j=o .. (А). 
i=l ' 

t=n 

Ба? а, aue а, 1 

i= 

iu қ 

28 В, 8,222. B. 1 


yi Уан уа 1 


It ін possible to choose A,, А,,А,...А,, С,, so that the 
centre of the »-spheric lies in the plane— 


т, Ра € “, 1 |що .. (В) 
а, а, TREE а, 1 
‘S 
В, В, Вул В, 1 
71 ys ay gees cena Ya 1 


In this case the co-ordinates of the centre of the circum-circle 
are the same as those of the n-spheric through the three given 
points. 


The co-ordinates of the centre of the »-spheric are (—A,,—A, 


==А s --А,) апа the radius R is given by 
` іп 
R?= > A'U.. 
4-і 


Thus from the equations (2), (3) aud (4) and the (n—2) 
equations in (B), we can determine the co-ordinates of the centre 
and hence the radius of the n-spheric. 
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549, То find the radius of the circum-circle. 


Through the three given points, а plane сап be drawn and 
consequently the radius of the n-spheric through the points, with 
centre in their plane, ia the same as that of a plane circle. 


Let а,Ь, с be the lengths of the sides of the triangle. Then, 
by Plane Trigonometry, we have 


4R?= Y where A is the angle at the vertex (а) ... (1) 
sti 


Now, the direction-cosines of the sides ате given by 


a, —f. I (1=1, 2. 8....... и) vespectively. 
) 





= ж: 2 = 2 

япА= В aa 6 "ва? a,—B, а„—/, 

“4-7 а а|—у, 04:--7% 

) 
1 1 1 1 А 
=. S 
beer а, В, Yı yae 3 а) 
| а, В, Үз 


i=n r= =n 


= TEN A 2 (в. > (у: —а,)? 
; i=l i=l 
азарт," spi 1 1. p 

а, By a Bron 

а, В, Уа a, В. 7 


If the lengths of the sides (а, b, с) are given; the result may 
be stated as :— 


2a2b*c? 


2R? Sapp poa arbi —g*—b*—r* 
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m 0 c? ы - 0 1 1 
| e o аз 1 0 e 

| b а? 0 | 1 e 0 

1 b а? 


лова 0 1 1 l1 +] 0 «в p 


§43. To find the co-ordinates of the centre of the 


circüm-circle. 


From 541, we have the ОЕ (п +1) equations :— 


t=n =n ^ 

2 а, 79 5 A,a,+C,=0 

іші . 4-1 

т=п 

28. +2 > = A, B,+C,=0}+ .. 4% 
= i= М 
ішт =n 


5 у +2 m y,+C,=0 
2 =1 


1 


-А, —А, —А,. —А, 1 | =0 
a, a, ОККО, 1 
В, В, ЖОЕ ОК B. 1 
у Ya Yuste 7. 1 
То solve (b) we have 
—AÀ , 23a, -- MB, “уу, 
(21, 2, 8,......... n) 


and 12AX-4 p+r 


* Compare—Frost—Solid Geometry 5589, 


(a) 


(b) 
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where А, p, v are indeterminate multipliers. Substituting 
these values of А, in (a), we obtain 


TEn 
2 >Мен ч) а, = 2 а" +С, 
+= 


i=" t=n 

2 „2 (а, і, ут), = >В8 +C, 
= i= 
т=п т=п й 

2 20. teb, br) y. = B7,+C, 
+= += 


wn wn 7—mn 


2A Ee +2 = а, В, +? FAYS Ба С, EOD 
тезі i=l т=1 = 
іт wn іт іст Й 

24 Sab t+ БВ 49 Б Ву, ZBH .. (2) 
тазі i=l t=1 т=1 
wn іше іт т=п i 

2X =, а, y, Жди >, В,у,+2> ҚА y, = nore .. (3) 
ї=1 i=l i= 


Pe (2) from (1) we obtain 


т=т 


2X = - ЕКІГЕ 28) 
i=l 1 
i=n vn 
+2 = а,У- > ' 
|з Y fes B x] 

т=п с wn : 

= ma mg 
т=1 4--1 


фази ‚ =", 
=A+pty) 2472 B, 
t= = 


2C u's на, В) Е EI 


i= 


т=п 


- оте 4) фо .. (4) 


т= 
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=n 
Putting a? = = (B, -у,) 


ъ= 


= 


b? = ,—4, ; 
EX ) F 


i=n. 4 
с? = > (а, —B;) 
і-ші J 
the equation (4) may be written as 
Ac? — uc? +v(a? —b*) =0 
Similarly, —Ab* + p(c? —a?) + vb? =0 


Solving these two equations for А, и, у, we obtain 
е 





E EM RNC EM: і 
a3 (a3 —b* —c*) C b*(b* —c? —a?) 7 e*(c* —a* —b3) 
Е Atuty РР 
nt J- b* 4- c* —9a3b* — 2% с? 902 д? 
LE he oh агы Ды кы ао а 
a*t +bt + c* — да? b* — 202° — са? 
Бр саш 


Непсе 
A,;=—(Aa; +48, +va,) 
=|0 a; B, у |-| 0 1 1 1 
1 0 c? b? 1 0 єз ы 
1 с 0 аз 1 c? 0 a? 
105 a 0 1 b? a 0 


А (:=1,2,8...») 
Thus the co-ordinates of the centre are determined. 
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544. То find the co-ordinates of the centre, and also the 
radius, of a 3-spheric passing through four given points in 
an n-space. ` 


The method of finding the co-ordinates of the centre ін exactly 
similar to that used in the preceding article. In this case, the 
co-ordinates are expressed as а linear function of the co-ordinates 
of the four given points. 


To find the radius we proceed as follows :— 


Let A, B, C, D, be the four given points and denote them by 
the numerals 1,2, 3, 4 respectively. 


Let O be the centre of the 3-spheric and denote it by 5. 


Let (1, 2)? stand for the square of the distance between the 
points 1 and 2, and so on. 


Then, since О is the centre, we have 
R?=0A?2=0B2=0C!2=O0D? i.e. 
(1, 5)? 2 (2, 5)?=(3, 5)* = (4, 5)7=R?. 


The centre of the 3-spheric must lie in the 3-space determined 
by the 4 given points. 


| The ‘condition that О lies in the 3-space is given Бу 
$ 15, as :— 


0 1 1 1 1 1 =0 
1 0 (2) (1,8) (l, 4)» (1, 5)* 
1 (2,11 0 (2,8)% (2,4)? (2,5)? 
1 (3,1)? (8,2) 0 (3,4)? (3,5) 
1 (4,1): (4,2)? (4, 3)? 0 (4,5)? 
1 (5,1)% (52) (53, (5;4* 0 
1f we put (1,2)? =", (2, зу», (2, 8)! =а?, 
(1, 4)*=f?, (2, 4)* =", (3, )! =h," 
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The condition reduces to 
0 1 


1 1 1 1 =0 
1 0 c? b? Р Ез 
1 c? 0 а? g? R? 
1 b? a? 0 h? R? 
1 f? g? h? 0 R? 


1 Ва R? R? R? 0 


This, when simplified, gives us 
*2R?| 0 1 1 1 1 + |0 c? з р|-0 


1 0 gh. 03: ft c 0 а g? 

1 c 0 а д? 8 a 0 һа 
: 

1 b аз 0 h? P 9° h* 0 


1 Рр g? h? 0 
This gives the radius as the quotient of two determinants. 
$45. To find the equations of an r-spheric passing 


through (r+1) given points, and to find the co-ordinates of 
its centre and also its radius. 


Let the points be denoted Әу the ии 1,2,8, .. r+; 
and let their coordinates be denoted by Р, Pj j=1, 2,3, .. r+l; 
i=l, 2,3, .. т). 

The equations of any n-spheric may be written as— 

i=n 9 i=n 
5 с, +2 5 А, e,+C,=0 ii се (1) 
4-і i=l 


where A, and C, are arbitrary constants. 

If this passes through the (r+1) given points, we have the 
following relations connecting the arbitrary constants А,, А, .. 
A, and C, :— 
i=n; () \2 ішт о 
S(a ) +2 Sa (а ) чого . D 
i=l i=l ^ 

(j=1, 2,3, .. r+) 


———— ————M —— ——————————————————— ue À 
* Vide—Frost, Solid Geometry $589. ' 
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Eliminating А,, А, .. A, and C, from these equations 
(1) and (2), we obtain the equations of a set of n-spherics, having 
& common т-врһегіс of intersection through the (r+1) given 
points— | 


7. We шау take these as the equations of an r-spheric :— 


бел =0 .. (3) 


Xi ж Ale ШЫ 1 


2 (0 а) а) 
а, Wa. 54 22 4, 1 


а, ары анау 1 


2) Ji (2 (2) (2) 


а а, .. 


> (r+1) ) (r*1) (r+1 (r+1) 
ae Œ 


It is possible to choose A,, А,, ... An, Ca, so that the centre 
of the n-spheric lies in the r-space determined by. the given 
r-points 7.e. in 


vi ж Wigs, Оер. un т, 1 шо .. (4) 
а) а) а) а) 

а, а, а, a, , 1 

(2) (2) (2) (2) 

a, a, а; а, 

(3) (3) (3) (3) 

a, a, а, а, 1 

(т+1) (+1) (7+1): (т +1) 

a, ` a, 4) ue а, 


‘In this case the centre of the n-spheric coincides with that of 
the r-spheric. 


To find the coordinates of the centre we solve equations w by 
the method ої $$ 43, 44. 
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We obtain the following equations for determining the 
coordinates :—- 


й (1) (2) (r*1) | 
А, = 0 а; а; ыə... a, 
1 о (1,2)? .. (rt)? 
1 (21) 0 .... (2,741) 
1 (r+1, 1)? (r+1, 9): 0 
0 1 1 - 1 
0 0 (429 ..  (Lr4l) 
1 (2,1): 0.  (2r4D? 
1 (r£LD? (412)? .. 0 








Let O be the centre and denote it by the numeral (r--2). Then, 
following the method of $ 43, we have 


0 1 | 1 "P 1 1 |-0 

1 0 (12)?  .. (rz? R 

1 (212 О  . (ыу) В 

1 (8,1): (32? .. (8,1) R? 

" 
1 R? R? 22% R? 0 
Simplifying this we obtain 
0 1 1 T 1 t 
евз | 1 0 (1, 2)* м. 0D 

1 (9,1) 0022. (ты 
1 


(3, 1): (3, 2)* e (8,r+1)? 


a (r+1,1)°  (r+1,2)° зб 0 
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+ 0 (41,25. .. (l,r+1)}° |-0 
(2, 1)» 0-2. (9-1) 
(1? (829 .. (8,r+1)? 
(r+1, 1)? (r1, 2)?... 0 


This determines the radius of the r-spheric through the (r+1) 
given points, 

546. To find the “content” of an r-spheric in an 
п-врасе. 

Let а be the radius of the spheric, The “content” is the 
rth power of the radius multiplied by a constant, t.e, it is 
given by К, а", where К, is some constant. 
or symbollically, if V, represent the “content,” we have 

V,=K, a’. 5 e (1) 

Take any section of the spheric by an (r—1)-space perpendi- 
cular to the rth axis, at a distance ж from the centre. 

Since the section is ап (r—1)-spheric,* its "content" may 
be taken to be K,_, y'^, where у is the radius of the 
(r—1)-spheric. 


+a 
Then, V, = f K,., y'7' dw, where у is the radius of the 


section. Buti, + z, + .,. +, саз; 2. y =a., 


АРУ, = Ky ] 


+a zzi 
(a? —43) * фо 


-а 
i т 


T 
-9К,, І а" сов" 0 40, putting a=e sin б, 
e 


T 


т 
^. K,o"=2 K, a f сов "0 40 
о 


* Veronese—loc. cit. 6 174, Satz ПІ. 
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т 
2 

` K,/K,.=2 f сов'-@ dé. 
0 





r—1 7—8 r—5 4 3 iss 
тод 74 во 

| 
flied r= (if ғ ін even) 


т Tr—À r—4 


„1 т 


ог = 2. 3g 











Putting r= 2, 3, 4, ... іп succession, we get 
K,/K, 
K,/K, = 
K,/K, 
K,/K, 


ше ышы 
: ыз 
ві З 


І 
юю ә ю 


oj» вію 
сію вію 


Now, K, is evidently т. ..К,-2. 
" Multiplying the above factors on both sides respectively 


we obtain— 


с т-а Ха (fà т-а 
К, = 2°°G)? -@) 7 Ф' (9% (0 * 


о (x) (е e 


when т із even  .. E (A) 

















e -2-(0* @? @? @? @? He 


CHYCHY CDS) 


whenrisodd  .. (B) 








From the formule, (À) and (B) we may calculate the 
“content” of spherics of any number of dimensions up to т. 


Thus, putting 7—2, from (A) we obtain 
K,-2*- Qs =r 
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^, V,=area of а circle=7a*, а being the radius. 


Putting r=3, from (B) we have 
K,=2°- (94-3 =47, 
^ V, =Volume of а sphere—£ т аз. 


Putting r=4, from (A) we get 


т % 
K,—2*-(3)* (3) (@) (+) 
=т?ї/2 
^ V,=content of the Нурег-врһеге=іт?а*.* 

Note.—It is interesting to note that as we pass оп to spherics of dimen- 
sions higher than three, the expression for the “content” contains higher 
powers of "т. It is further noticed that the power of тіп the expression 
ін increased by unity for every second higher dimensions. Thus for spaces 


of 4 and 5 dimensions the power is 2, for 6 and 7 dimensions it is 3, and Bo 
on. Also, for 2 and 3 dimensions the power is unity. 


547. To find the “Surface Content” of an 7-spheric. 
The surface of an r-spheric is of (r—1) dimensions. 


Hence we may take the “ Surface-content" to be equal to the 
(r—1)th power of the radius multiplied by a certain constant 
К,, i.e., if S, represents the surface-content, we have 


S, = К,.а"-:. T TE vis (1) 
ТаКе a section of the spheric by an (r— 1)-space at right angles 
to the rth axis. 


The section will be an (r-l)-spheric. Now consider the sur- 
face-content of a section of the r-spheric of very small 
extension dx, in the direction of the rth axis. 


Let ds, represent the length of the arc of the strip in this 
direction. 





* Vide—H. P. Manning, Geometry of four dimensions, § 165, Cor I. 
Manning calls this “content” of the Hyper-sphere—"'The Hyper-volume,” 
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(r—2) : 
Then, 8, = [ку ds, where у, is the radius оҒ the 


2 2 Е 
(r—1)-spheric and у, =a —х,. 


2 2 9 2 2 2 2 
But ds, = dæ, + dr, + ... +de,- + dw, = de, + dy, 


` ds, = rde, = Via (iy y dz, =Å de, 
dz, 
+a (r—2) 

- S, = K,- у, A dz, 


+a (r—3) 
=F К,_, y. а. de, 
т-3 


а 2 2 2 
=2K,. af ( a =) dv, 


R Fog 10 (putting z,=a sin 0) 


ll 
ко 
^ 
ч 
1 
а 
з 
І 
й 
кі 


r-1 ro ГТ (r—2) 
or, K,a  =2K, „a f 6 d0 
T (r—2) 





— 97-3 7—5 2 ; 
= 2 zd Сі З (when r is odd) 
— o T—9 т—5 3 1 п ; 
or = 2 = роб а-(мВеп r is even). 
Putting r=4, 5, 6,...... in Succession we get 
1 
K,/K,=2 54 
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o 18 т 
K,/K,=2. 9.4 9 
135 r—3 т 
K,/K,.,—2 Erg lw (т even). 
_һ„246 r—3 
or=2, EG -— (r odd). 


T 


1 
But K, =47=23. 27—2'. 2 


2. Multiplying the factors on both sides respectively we get 


| 2 (ут OF 
DEEG -%® 


то 2 
He 
(when т is even) 


==. OTOT (7 OT. 
«СБУ C GSC v 


(when т is odd) 


тота 
2 



































Therefore by means of formulae (1),(A) апа (В) we may 
calculate the ''surface-content" of spherics of any number of 


dimensions. 
Thus, when r=2, from (A) we get 


K,=2?. 5 =2r. 


7. S,=circumference of а circle= 2ra. 
When 7—3, from (В) we get 
т — 
K,—2*.5 = 
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^ S,=Surface of the sphere=47a?. 
When r—4, from (À) we get 


K, —2*. (2) (2) =2т*, 


^. S, =“ Surface-content ” of the Нурегврһеге--2т343% 


Note.—Here also we find that the expression for the “ surface-content” 
contains higher powers ої т when we pasa оп to spherics of dimensions higher 
than three, and the power increases by unity for every alternate dimensions. 





* Cf. Manning—Geometry of four dimensions §156. He names this “surface- 
content” as the volume of the Hyper-sphere. 


